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Formulation: Gain Function

= CMDP(S, A4, P,1,c, p), Gain function (long-term average reward)
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= We consider a parametrized class of policies my where 8 € @ c R%
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= The original problem is defined as
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= Regret and violation are defined as
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Formulation: Ergodicity

Assumption 1: The MDP is ergodic.

Unique stationary distribution

(F@ — Tlilgcr— [Z P1 sf = s|s0 P.To ]

Define the mixing time

Definition 1. The mixing time of an MDP M with respect
to a policy parameter 0 is defined as,

mix

_ 1
t? £ min {t > 1’ H(P”)t(sg ) — d“"” < Z’VS € S}
One key property of mixing time under ergodic assumption is

H(PWY(S., ) —d"? H <92.27
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Method

Define the Lagrange function /; (6,4) = J,.(8) + 1].(8)

The problem becomes a saddle-point problem

max min Jy (6, \)
00 A>0

* Use primal-dual method with policy gradient

Opi1 = b + aVoJr (0. Ac). Aeyr = Py 29[ — BT (6]

It 1s well known that the gradient can be written as

VEJL(O: }‘) — Eswd“&* ,a~Tg(s) [ E?}t(‘q: ”-')VE-‘ 1{'15_1; ?Tg(fi-|=‘:-’)]
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Algorithm

Algorithm 1 Primal-Dual Parameterized Policy Gradi-

ent
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Input: Episode length H, learning rates «v, /3, ini-
tial parameters 61, A1, initial state s ~ p(-),
=1/H
for k€ {1,--- K} do
7}.- — O
forte {(k—1)H,--- ,kH — 1} do
Execute a; ~ g, (+|s¢)
Observe r(s;,a,), c(s;.a,) and s,
T < T U{(s,a,)}
end for
fortec {(k—1)H,--- .kH — 1} do
Obtain 4;0/“\1\ (s.ay) via Algorithmand T
end for
Compute wy, using wi 2 Vg JL(Op, M) =
Update the parametel S:

19;“_‘_1 = '9]; + Wy,
Af»‘—!—l = ‘P[Og] P\k - jj((ﬁ!)}

kB —1

where J.(0;) = TN Z c(se, ag)
© i=(k—1)H+N

end for
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Challenge

VoJu(0.X) = Egdgro ammg(s) | L (8,a)Vglog mo(als)]
= Challenge: How to get a good estimation of advantage function?

= Discounted setups typically assume access to simulator to obtain unbiased
value estimator, while such estimate is needed from samples.

= Since it is single trajectory, unbiased estimator 1s not straightforward to
obtain.

= Solution: Divide each episode into following sub-trajectories

T1 1+ N 1+ 2N T2 75+ N Ty + 2N
o ® = @ >
L J L )
_ Rest for r
waitto sees Sample y1 o wait to see s again Sample y2 Rest for wait to see s ......
(i) O(tmix)

11/10/2024 | 6



Algorithm

T1+N T1 +2N

T2 7o + N T 4 2N

waittosees Sample y1

li .
L ) y,
Rest for

Algorithm 2 Advantage Estimation

16:

17:
18:
19:
20:

Aol A

Input: Trajectory (s, , @t ..., St,, @z, ), State s, action

a, Lagrange multiplier A, and parameter ¢
Initialize: M <+ 0, 7 + {1
Define: N = 4t log, T'.
while 7 < t, — N do
if 5, = s then
M« M+ 1.
TM < T
gm — ZT+N 9(st,ar), Vg € {r,c}
T+ 7+ 2N.
else

T+ 7+ 1.
end if

- end while
: if M > 0 then

A 1 1 —m
Quls,0) = s | 37 Tty gil(ar, = @),

Vy(s) = 37 S, gi, Vg € frc)
else
%(s) =0, C:)g(s, a) =0, Vg€ {rc}
end if
return (Q, (s,a) — V,(s)) + MQc(s,a) — Vo(s))

@ 4 >

e
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wait to see s again Sample y2 Rest for wait to see s ......
O(tmix)

O(tmix)

. 1<
V() == Uiy = Z r(Se a)
j=1
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Alogrithm: bound the variance

T T+ N 71 + 2N Ty T2+ N Ty + 2N
@ O L @ >
L J L J
_ Rest for T
waitto sees  Sample y1 Ot wait to see s again Sample y2 Rest for wait to see s ......
(i) Oltmix)

e Finally, define H = O(T_E), it can be proved that

2 31, 2 : 2
~Tq, T, thit N log T t=. (logT)
: (o _ L (o _ mix
E {(AL,)\;{ (s,a) — ALY, (5, a.)) ] <0 (52 ?Ta,c(fl-|~‘i)) =0 (52T§W9k (a]s)

* Using Lemma 2 and Concentration inequality for Markov samples, the
gradient estimator is close to the true gradient

B|

wk = VoJu (0, )| < O (672AG 2, )
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Challenge: Lack of strong duality

* The global convergence of Lagrange function can be bounded as

K
1 fpfmlx Ltmixthit
; (]L (7*, Ak) — JL((}k:)\k)) <G (1 + —> @ (\/B T EIE )

Lo
1 Hi

B - [ AG?*t2, Lt ixctni Lt mixtnit Egyognr [K L s
IO( n11x+ ht‘|’ﬁ) ( hit d7 [ ( (|")H?T91(“’))])+\/m

|

62T*% 62T1—% T1-¢45

* However, the strong duality property does not hold under the general
parameterization

e The following Lemma serves as an important tool in disentangling the
convergence rates of regret and constraint violation

Lemma Let AS.s‘zu'nprfon/’mla’. For any constant C' > 2)\*, if there exists am € Il and ¢ > 0
such that JT — JT + C|=JI| < (, then

T <)C
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Global convergence

* The sample complexity of reward and violation are

1 K

PyE ( o ek)) <
l K _ ; - 1 -y fe
=y —-L-wm] < Sy + O (1707570 4 =02 4 =€/2 4 7=0-972)

K
1-¢
T2

* Finally, the regret and violation can be achieved as

O (TP 1 0

E

* The best choice for £ and 1 can be solved by

b

MI-.,
mlm

max(, ¢)e(0,1)2 Min {1 —&—m,

E [R'Cg’f} g T €bias + @(T_IHJ) + O(fl'l'lix)

E [\-’?i(:)T} S 1o €bias T Cj(T—lIS) T O(ILHHX)
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