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Markov Decision Processes

Episodic Markov decision processes (MDPs), M (S, A, H,{P,}},,r)

e S: state space, A: action space

m(-[s1)

® H: length of each episode
e {P,}L ,: collection of transition probabilities

® r: reward function
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Episodic Markov decision processes (MDPs), M (S, A, H,{P,}},,r)

e S: state space, A: action space

m(-[s1)

® H: length of each episode
e {P,}#L,: collection of transition probabilities

® r: reward function

Goal: Maximizing sum of rewards = Minimizing cumulative regret

K
Regret (K) := Z Vi (st) = V7™ (s1)
k=1

® K: total number of episode



Markov Decision Processes (MDPs)

Low-rank linear MDPs (Jin et al., 2020)

Pu(s' | 5,a) = (¢(s,a), ()

* ¢(s,a) € R?: feature vector of (s,a)

o =Y, pt®): unknown (signed) measure



Markov Decision Processes (MDPs)

Low-rank linear MDPs (Jin et al., 2020)
Pu(s" | s,a) = (@(s,a), i (s))

* ¢(s,a) € R?: feature vector of (s,a)

o =, pud?): unknown (signed) measure

Multinomial Logistic (MNL) MDPs (Hwang and Oh, 2023)

T *
eXP(‘Ps a 5’9}1,)
Py (s' | 5,a) = ny; p
" ’ zgesm eXP(‘P;r,a,geh,)

® @.as € R feature vector of (s, a,s’)
® 0, € R*: unknown transition parameter
® S50 =1{s" €8:P(s|s,a) # 0}: Set of reachable states from (s, a)



Main Contributions

Algorithm Model-based Transition model  Exploration Regret
LSVI-UCB (Jin et al., 2020) X Linear UCB O(dzH=VT)
OPT-RLSVI (Zanette et al., 2020) X Linear Randomized 5(d2H2\/T)
LSVI-PHE (Ishfaq et al., 2021) X Linear Randomized O(d? H3VT)
UC-MatrixRL (Yang and Wang, 2020) v Linear UCB (5((1%H2\/T)
UCRL-VTR (Ayoub et al., 2020) v Linear mixture UCB (5((111% VT)
UCRL-MNL (Hwang and Oh, 2023) v MNL ucB O(rk~'dH 3 VT)

Can we design a provably efficient and tractable randomized algorithm for
MNL-MDPs?



Main Contributions

Algorithm Model-based Transition model  Exploration Regret

LSVI-UCB (Jin et al., 2020) X Linear UCB O(d2H?\T)

OPT-RLSVI (Zanette et al., 2020) X Linear Randomized (5(d2H2\/T)

LSVI-PHE (Ishfaq et al., 2021) X Linear Randomized O(d* H?\/T)

UC-MatrixRL (Yang and Wang, 2020) v Linear UCB O(d? H>VT)

UCRL-VTR (Ayoub et al., 2020) v Linear mixture UCB (5(ng VT)

UCRL-MNL (Hwang and Oh, 2023) 4 MNL UCB O(rk 'dH*VT)
RRL-MNL (this work) v MNL Randomized O(k 12 H3/T)
ORRL-MNL (this work) v MNL Randomized O (d% H3 VT + m"dQIIQ)
UCRL-MNL+ (this work) v MNL UCB o (dH 3T + m*'dQHz)

® First randomized algorithms for MNL-MDPs

® Frequentist regret analysis without assuming stochastic optimism

® Statistically improved algorithms for MNL-MDPs



Algorithm: RRL-MNL

Algorithm Randomized RL for MNL-MDPs (RRL-MNL)

1: Initialize: A, ), = M4, 0;, = 0, for all h € [H]

2: for each episode k =1,..., K do

3. Observe st and sample .;-“,(:;L) ~ N (04, a,%A,:}L) for m € [M]
4 Compute

Qhs,@) =r(s,0)+ D Pop(s | s.a)Viles(s) + max Gen(s,0) €L

Py
s’€Ss a

Randomized bonus
Value induced by estimated model

5: for each horizon h =1,..., H do

6: Select af, = argmax Q7,(s),, a) and observe s}, |
acA

7: Update Ajy1,, and 8!

8: end for

9: end for

Prn(s,a) == (s, a,s) for § = argmax, [|¢(s,a,s")|| , -1
koh



Regret Bound (RRL-MNL)

Assumptions
® [Boundedness] ||¢(s,a,s)||2 < Ly, ||65]l2 < Le
e [Non-singular Fisher info. matrix] s:= _inf Pg(s'|s,a)Pe(5] s,a) > 0

16]l2<Lg



Regret Bound (RRL-MNL)

Assumptions
® [Boundedness] ||¢(s,a,s)||2 < Ly, ||65]l2 < Le

® [Non-singular Fisher info. matrix] x:= H9||in£LP9(8/| s,a)Po(5] s,a) >0
2>Le

Theorem (Regret bound of RRL-MNL)
Let T = KH. The cumulative regret over K episodes is bounded by

Regret_(K) = o (/«e_ld%H% \/T) .



Regret Bound (RRL-MNL)

Assumptions
® [Boundedness] ||¢(s,a,s)||2 < Ly, ||65]l2 < Le

® [Non-singular Fisher info. matrix] x:= | ”inf Po(s'| 5,a)Pe (3] 5,a) >0
6l2<Lg

Theorem (Regret bound of RRL-MNL)
Let T = KH. The cumulative regret over K episodes is bounded by

Regret_(K) = o (n_ld%H% \/T) .

® We do not assume stochastic optimism, unlike Ishfaq et al. (2021).

Lemma (Stochastic Optimism)

Let ® be a normal CDF. For M = O(log H),

P (V- v)(sh) 2 0) > @(-1)/2.



Problem-dependent Constant

= inf Py(s'| s,a)Pe (35 0
K IIBIEISL:; 0(s'| s,a)Pe(5 | s,a) >

® Characterizes the degree of non-linearity of the MNL function

minx7o maxx70 minxT0 minx7o
x40 x8 x0

* In the worst case, k' can be exponentially large in |Ss,q|.



Algorithm: ORRL -MNL

Algorithm Optimistic Randomized RL for MNL-MDPs (ORRL-MNL)

1: Initialize: B, = A\14,0; = 04 for all h € [H]

2: for each episode k =1,..., K do

3.  Observe s¥ and sample 51(:,2) ~ N (04, aﬁB;}l).
4: Compute

é}fb(é‘,a) =7(s,a)+ Z Pé/;,' (s' | s,a)ViFii(s)) + V;T;;d(s,a,)
s'€Ss,a

———
Optimistic randomized bonus

Value induced by estimated model

5: for each horizon h =1,..., H do
6: Select aj = argmax Qf;(sF;, a) and observe s} |
acA
nk+1

7: Update 6, and Bry1,4.

8: end for

9: end for

rand / - NENT ¢s’ B 02 2
Vi (s, 0) = Py (5" | 5,0 OF) €LA+3HBE max |lpallfs

3 5 €9s,a c, N

s'€Ss.q



Regret Bound (ORRL-MNL)

Theorem (Regret bound of ORRL-MNL)
LetT'= KH. The cumulative regret over K episodes is bounded by

Regret_(K) = O (d3/2H3/2\/T+ f-cfld?HZ) .

¢ Compared to RRL-MNL, leading term does not suffer from x~!

e Improved dependence on x~! for randomized exploration RL



Numerical Experiments
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