
How does PDE order affect the 
convergence of PINNs?

Changhoon Song, Yesom Park, Myungjoo Kang



Partial Differential Equations



Physics-Informed Neural Networks



Physics-Informed Neural Networks

𝜃 = argmin
𝜃

ℒ 𝑢𝜃

ℒ 𝑢𝜃 = 𝒩 𝑢𝜃 − 𝑓 𝐿2 Ω + ℬ 𝑢𝜃 − 𝑔 𝐿2 𝜕Ω

𝒩 𝑢𝜃 = 𝑓, 𝑥 ∈ Ω

ℬ 𝑢𝜃 = 𝑔, 𝑥 ∈ 𝜕Ω

𝒩 𝑢𝜃 𝑥𝑖 = 𝑓 𝑥𝑖 , 𝑥𝑖 ∈ Ω

ℬ 𝑢𝜃 ෤𝑥𝑗 = 𝑔 ෤𝑥𝑗 , ෤𝑥𝑗 ∈ 𝜕Ω

ℒ 𝑢𝜃 =෍

𝑖

𝒩 𝑢𝜃 𝑥𝑖 − 𝑓 𝑥𝑖
2
+෍

𝑗

ℬ 𝑢𝜃 ෤𝑥𝑗 − 𝑔 ෤𝑥𝑗
2

ሶ𝜃 𝑡 = −∇ℒ 𝑢𝜃 𝑡

Theoretical Setting Practical Setting



Training Convergence of PINNs
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Loss at time t Initial loss

Width

PDE order

▪ Higher 𝑘 and 𝑝 requires exponentially wide width.

▪ 𝑝 = 𝑘 + 1 is optimal order for RePU, since 𝑝 ≥ 𝑘 + 1.
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Variable Splitting

Higher-order PDEs System of lower-order PDEs
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Main result 2

𝝃 : maximal order in system of PDEs

▪ Lower 𝜉 reduces width requirement.

▪ 𝑝 = 𝜉 + 1 is optimal order for RePU.



Experiment 2

Heat equation (GD) Elastic beam equation (Adam)



Summary

• The PINNs converge to global minimizer, provided enough network 
size.

• The higher the PDE order, the larger the network should be.

• Re-formulating high-order PDE as system of lower-order PDEs 
enhance the convergence condition.
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