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Online Learning

o Data received sequentially

o Input x;
o Predict observation y;
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Online Learning

o Data received sequentially
o Input x;
o Predict observation y;
o Often nonstationary
o Covariate shift p; (x:)
o Concept shift p; (ye|x¢)
@ Predictive model (e.g., NN)
o Parameters 0, (e.g., weights)
o p(ye|xe,0:) = p(ye|fe (0¢)) with £ (6:) = f (x¢,0:)
@ Prequential evaluation
o Maximize log-likelihood of each upcoming observation

*otp (10
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State Space Models (SSMs)

@ Stochastic dynamics for latent parameter
° P(9t|0t—1)
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State Space Models (SSMs)

@ Stochastic dynamics for latent parameter

° p(6:]0:) 01 Ori1

@ Observation model \l \l xtil
o p(ylf: (6:))

Ye-1 Ye+1

@ Bayesian filtering

o Maintain posterior p (0¢|D1:¢)
o Predict step: p(0¢|D1t-1) = [ p(0:]0:—1) p (0:—1|D1:t—1) dO:—1
o Update step: p (8:/D1c) o p (yelf (60)) p (6:/Dre-1)
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Kalman Filter

@ Linear-Gaussian dynamics
15 Ft =
e 0; ~ N(Ftetfly Qt) , H =
=
@ Linear-Gaussian observations o 05 8 4O o
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Kalman Filter

@ Linear-Gaussian dynamics
15 F; =
o 0 ~ N(Ftetfly Qt) , Ht
=
@ Linear-Gaussian observations sk @ e e
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@ Predict step (exact) = s ¢ A Wi
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Kalman Filter

@ Linear-Gaussian dynamics .
1.5 =
o Ot ~ N(Ftetfl, Qt) , Htt
@ Linear-Gaussian observations sk @ .8 ]
g :
o y: ~ N (H:0:, R:) = 0 ° iy
@ Predict step (exact) = s ¢ A Wi
[ ]
-1
1 [ ]
p(0:|D1t—1) =N (01"/1/1‘\1’71, 2t|t—1) » ° Observat%onyt
o Mean estimate u,
Mt‘t71 = Ftut_l 0 200 400 600 800 1000

-1 = F.3: 1Ff +Q: Time step

@ Update step (exact, conjugate)

P(0t|D1:t) = N(etlﬂlh 21:)
He = MPtje—1 + 2:'tH;rRLTl (_Yt - Ht#t\t—l)

-1
So= (Taly + HIRH)
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Variational Bayesian Inference (VI)

@ Variational family
p(0|D) ~ qy (6)
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Variational Bayesian Inference (VI)

@ Variational family
p(6|D) =~ gy (0)
@ Minimize KL divergence from true posterior
. 1
¥ =g min Dt (44.6) 0 () (D10))
= arg min £ (1) + const
7

@ nELBO loss
L () =Egq, [~logp(D|0)] + Dri(qgyp|po)

fit: E[NLL] regularization to prior
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Online VI

@ Approximate prior from previous timestep
p(0t|D15f—1) ~ q"/’t\t—1 (et)

:/Chpf,1 (0:-1) p(6:]0:—1) dO: 1
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Online VI

@ Approximate prior from previous timestep
p(0¢|D1.e—1) ~ iy s (6:)
= /ChpfA (6:-1) p(6:|6:-1)d6: 1
@ Variational filtering
P(OIDL) ~ Sau,. (6P (1/f (6)
X Gy, (6:)
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Online VI

@ Approximate prior from previous timestep
p(0¢|D1.e—1) ~ iy s (6:)
= /ChpfA (6:-1) p(6:|6:-1)d6: 1
@ Variational filtering
P(OIDL) ~ Sau,. (6P (1/f (6)
X Gy, (6:)

@ Online VI loss

1y = argmin L, (¢)
¥

L: (¢) = Eo,~q,, [~ log p (ye|fe (8:))] + Dxr. (9wl dy,.,)

incremental fit, L¢(v)) recursive regularizer
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Approximate methods for VI

@ Expected NLL intractable for NNs

Le () = Le () + Dir (awlawsy,_y )+ Le () = Eo,—q,, [~ logp (yel: (6:))]
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@ Expected NLL intractable for NNs
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@ Fixed point, implicit update

o Exponential family: natural params 1), dual (expectation) params p
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Approximate methods for VI

@ Expected NLL intractable for NNs
o) = L) + v (9w y ) o Le () = Bo,q,, [~logp(ylfi (60)]

@ Fixed point, implicit update

o Exponential family: natural params 1), dual (expectation) params p
Vg Le(he) =0 = bt =vye_1+ Vp,Eqy, [log p (y:lf: (6:))]
o Gaussian: Recursive variational Gaussian approximation (RVGA) (Lambert et al. 2021)
Qy, (0t) = N (0:|pe, =t)
He = peje1+ By 1By, [Vo, log p (yelfe (6:))]

st = Zt_‘tl_l —Eqy, [V5, logp(y:lf: (61))]
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Approximate methods for VI

@ Expected NLL intractable for NNs

Lo () = Le () + Dew. (Gulduy, ) s Le(¥) = Eo,q, [~ log p (vl (6))]
@ Fixed point, implicit update (Lambert et al. 2021)

Pt = Pyr-1 + Vo Eqy, [logp (yelft (6t))]
@ lterative
o Bayes by backprop (BBB) (Blundell et al. 2015): GD on nELBO

Yi =1 —aVy, L(Pi_1)
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@ Expected NLL intractable for NNs

Lo () = Le () + Dew. (Gulduy, ) s Le(¥) = Eo,q, [~ log p (vl (6))]
@ Fixed point, implicit update (Lambert et al. 2021)

Pt = Pyr-1 + Vo Eqy, [logp (yelft (6t))]
@ lterative
o Bayes by backprop (BBB) (Blundell et al. 2015): GD on nELBO

Yi =1 —aVy, L(Pi_1)
o Bayesian learning rule (BLR) (Khan and Rue 2023): NGD on nELBO
Y = i1 — aF,;filvwf,lﬁ (¥i-1)
=1 —aVy,_L(Pj_1)
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Approximate methods for VI

@ Expected NLL intractable for NNs

Lo () = Le(®) + Det (aylauy ) Le(®) = Bo,mq,, [-logp (yelf (6:)]
@ Fixed point, implicit update (Lambert et al. 2021)

Pt = P11+ Vp,Eqy, [log p (yelf: (6:))]
@ lterative

o Bayes by backprop (BBB) (Blundell et al. 2015): GD on nELBO
o Bayesian learning rule (BLR) (Khan and Rue 2023): NGD on nELBO

@ Approximate likelihood

o Linearized model: extended Kalman filter (EKF) (Singhal and Wu 1989; Puskorius and Feldkamp
1991)

N (yelfe (6t), Re) = N (yelfe (6t) , Rt)
f(6:)=* (H‘t\tfl) + Fe (6: — #t\t—l)
Fr = jac (f (1)) (Keje—1)
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Approximate methods for VI

@ Expected NLL intractable for NNs

Lo () = Le (%) + Der, (Gl )+ Le () = Eo,q,, [~ log p(xelfe (6:)))
@ Fixed point, implicit update (Lambert et al. 2021)

Yt = Pie—1 + Vi Eay, [log p (yelft (61))]
@ lterative
o Bayes by backprop (BBB) (Blundell et al. 2015): GD on nELBO
@ Bayesian learning rule (BLR) (Khan and Rue 2023): NGD on nELBO
@ Approximate likelihood

o Linearized model: extended Kalman filter (EKF) (Singhal and Wu 1989; Puskorius and Feldkamp
1991)
o Linear-Gaussianized: Conditional moments EKF (CM-EKF) (Tronarp et al. 2018; Ollivier 2018)

p(yelfe (00) ~ N (yelFe (00). Re)

Ok [Yt| fr (et)]

h: (0¢) = E [yt|f: (eje-1)] + 00,

(et - y‘t\tfl)
Or=pri|r—1

R: =V [y:|f: (6:)]
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Approximate methods for VI

@ Expected NLL intractable for NNs

Lo () = Le(®) + Det (aylauy ) Le(®) = Bo,mq,, [-logp (yelf (6:)]
@ Fixed point, implicit update (Lambert et al. 2021)

Pt = P11+ Vp,Eqy, [log p (yelf: (6:))]
@ lterative

o Bayes by backprop (BBB) (Blundell et al. 2015): GD on nELBO
o Bayesian learning rule (BLR) (Khan and Rue 2023): NGD on nELBO

@ Approximate likelihood

o Linear-Gaussianized: EKF, CM-EKF (Singhal and Wu 1989; Puskorius and Feldkamp 1991; Ollivier
2018; Tronarp et al. 2018)
@ Plugin approximation

® gy, (0t) — 0p, (0:), gives implicit mirror decent
Yt = Pir—1 + Veo,=p, log p (yelfe (6))
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Approximate methods for VI

@ Expected NLL intractable for NNs

Lo () = Le(®) + Det (aylauy ) Le(®) = Bo,mq,, [-logp (yelf (6:)]
@ Fixed point, implicit update (Lambert et al. 2021)

Pt = P11+ Vp,Eqy, [log p (yelf: (6:))]
@ lterative

o Bayes by backprop (BBB) (Blundell et al. 2015): GD on nELBO
o Bayesian learning rule (BLR) (Khan and Rue 2023): NGD on nELBO

@ Approximate likelihood

o Linear-Gaussianized: EKF, CM-EKF (Singhal and Wu 1989; Puskorius and Feldkamp 1991; Ollivier
2018; Tronarp et al. 2018)
@ Plugin approximation

® gy, (0t) — 0p, (0:), gives implicit mirror decent
Yt = Pir—1 + Veo,=p, log p (yelfe (6))

o Gaussian family with fixed covariance 3, yields online GD (Bencomo et al. 2023)
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Bayesian online natural gradient (BONG)

o Online BLR (oBLR): regularize to iterative prior gy, , instead of po

Yei=Pri1+ avﬂt,f—l(Eq'(pt’,-_l [Ing(ny-‘ (0t))] — Dxr (q"pt,i—l |qwm 1) )

online VI loss L¢(¢,i—1)
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o Online BLR (oBLR): regularize to iterative prior gy, , instead of po

Yei=Pri1+ avﬂt,f—l(Eq'(pt’,-_l [Ing(ny-‘ (0t))] — Dxr (q"pt,i—l |qwm 1) )

online VI loss L¢(¢,i—1)

e BONG
o Replace regularizer with implicit regularization from truncated update
e Special case of oBLR with / = 1 iteration and a = 1 (since V Dk (q¢r‘r_1|q¢m_1) =0)
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Bayesian online natural gradient (BONG)

o Online BLR (oBLR): regularize to iterative prior gy, , instead of po

Yei=Pri1+ avﬂt,i—l(Eq'(pt’,-_l [Ing(ny-‘ (0t))] — Dxr (q"pt,i—l |q¢m71) )

online VI loss L¢(¢,i—1)

e BONG
o Replace regularizer with implicit regularization from truncated update
e Special case of oBLR with / = 1 iteration and a = 1 (since V Dk (q¢r‘r_1|q¢m_1) =0)

Ye = Pye_1 + th\,71Eqwt|t71 [log p (ye|f: (6:))]

EINLL

Yie-1 >

aV,(E[NLL] + D) > PR

BONG
UL
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Bayesian online natural gradient (BONG)

o Online BLR (oBLR): regularize to iterative prior gy, , instead of po

Yei = Pric1+aVp, 4 (Eq,, . | [logp(velfi (8:))] — Dxr (Guea |G, 1))

online VI loss L:(t¢,i—1)

e BONG

o Replace regularizer with implicit regularization from truncated update
e Special case of oBLR with / = 1 iteration and a = 1 (since V Dk (q¢r‘t_1|q¢t‘t_1) =0)

P = "»[’t\t—l + th\,71Eq¢t|t71 [log p (y:|f: (8:))]

o Justifications

o Explicit version of exact implicit update ¥ = t.:—1 + V,Eq,, [log p (y:lf: (6:))]
o Bayes optimal when model is conjugate
o Recovers several existing methods and new ones
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Conjugate case

Theorem

Let the observation distribution be an exponential family with natural parameter 0; (with y: encoded as
sufficient statistics)

Pe(ye|6:) o< exp (6] y: — A(6:) — b(yt))
and let the prior be conjugate
T2 (00) = o (W], T(0:) — O(ye 1))
T(6:) = [6:; —A(6:)]
Then BONG agrees with the exact Bayesian update.

Proof (Sketch).

Write the natural parameters of the prior as ;1 = [X¢|t—1: Ve|t—1]
The Bayesian update and BONG both yield

Xt = Xt|t—1 T Yt

Ve = Vgjp—1 + 1
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Variational case: Gaussian prior

o Prior gy, _, (0t) = N (Oltteje—1, Zeje—1)
o Natural parameters 1), = (Et_lut,*%zr)
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Variational case: Gaussian prior

@ Prior Qe (et) =N (0t|l~tt|t—17 2t\t—l)
o Natural parameters v; = (Et_lut,f%ﬁlt)
@ BONG update (matches explicit RVGA update; Lambert et al. 2021):

e = peje—1 + Bio,nqy, [V, log p(y:|f(6:))]

2;1 = 2;:*1 - Eewqwt\:ﬂ [Vgr Iog p(yt‘ft(et))]
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Variational case: Gaussian prior

Prior qy,,_, (0:) = N (O¢|pee)e—1, Beje—1)
Natural parameters v); = (Et_lut, f%Et)
BONG update (matches explicit RVGA update; Lambert et al. 2021):

(]

e = peje—1 + Bio,nqy, [V, log p(y:|f(6:))]
S =300~ By, , [Va, log p(y:f:(6:))]
@ Derivation parallels BLR derivation of VON (Khan, Nielsen, et al. 2018)

o Convert A to A (u,X)
o Bonnet (1964): VMEBNN(”’E) [E] = EQNN(M):) [VQf]
o Price (1958): VsEon(u.x) [0 = SEonu,x) [Va!]

Jones, Chang, Murphy BONG 15/35



Space of methods

@ Variational family

o Tradeoff efficiency and expressiveness
o Compare different parameterizations
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Space of methods

@ Variational family

o Tradeoff efficiency and expressiveness
o Compare different parameterizations

@ Update rule

o Compare NGD to GD

o Compare implicit regularization (1-step update) to explicit (iterated update)
@ Approximating the expectations

o B, , [Vo logpl Eq,,  [V5 logp]
o Monte Carlo

o Linearized methods

Empirical Fisher
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Variational family

@ Full-covariance (FC) Gaussian

1
o= (2 tu-y= )
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@ Diagonal Gaussian: linear scaling with model size
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P =(pX)
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Variational family

@ Full-covariance (FC) Gaussian

1
o= (2 tu-y= )

@ Diagonal Gaussian: linear scaling with model size

% = Diag (02), ¢:(“ _L)

o2’ 202
@ FC Gaussian, moment parameterization: importance of natural parameters
Y =(pX)
@ Diagonal Gaussian, moment parameterization

% = (p,0?)
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Variational family

@ Full-covariance (FC) Gaussian

1
o= (2 tu-y= )

@ Diagonal Gaussian: linear scaling with model size

3 = Diag (02) , Y= (%,—i)

202
@ FC Gaussian, moment parameterization: importance of natural parameters
P =(pX)
@ Diagonal Gaussian, moment parameterization
¥ = (n,0?)
@ Diagonal + low-rank Gaussian (DLR; Mishkin et al. 2018; Lambert et al. 2023; Chang, Duran-Martin, et al. 2023)
N (11, (Diag (1) + wwT)~1)

with W € RPXR R « P. Linear scaling but tracks correlations.
NGD methods: update with FC params, then SVD (Mishkin et al. 2018; Chang, Duran-Martin, et al. 2023)
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Update rules

@ BONG (Bayesian online natural gradient): 1 step NGD on NLL

o =P 1 + Vo, 1Fay,, logp(%lf (8))
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Update rules

@ BONG (Bayesian online natural gradient): 1 step NGD on NLL
¢t = 1/’f|f*1 + vﬂt|t—1EQ¢t‘r71 [|0gp (yt|ff (Ot))]
@ oBLR (based on Khan and Rue 2023): iterate NGD on online VI loss

Yri=Pri-1+aVp (Eqdzt’,_l [log p (y:lf: (6:))] — Drw (q"pt,i—l ‘q'lpﬂt—l))
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Update rules

@ BONG (Bayesian online natural gradient): 1 step NGD on NLL
Pr = Yee1 + me_lqupr‘rﬂ [log p (y:lf: (6:))]
@ oBLR (based on Khan and Rue 2023): iterate NGD on online VI loss
Yii =Y+, (Bay,,, logp (1lf (0] = Die (Gu,saldw,, . ))

@ BOG (Bayesian online gradient): 1 step GD on NLL

Yo = Prje-1+ AV, By, [log p(yelfe (6:))]
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Update rules

@ BONG (Bayesian online natural gradient): 1 step NGD on NLL
Pr = Yee1 + me_lqupr‘rﬂ [log p (y:lf: (6:))]
@ oBLR (based on Khan and Rue 2023): iterate NGD on online VI loss
Yri=Pri-1+aVp (E%p[’,_l [log p (y:lf: (6:))] — Drw (‘M)r,;A \‘M}th))
@ BOG (Bayesian online gradient): 1 step GD on NLL
Yo = Prje-1+ AV, By, [log p(yelfe (6:))]
@ oBBB (based on Blundell et al. 2015): iterate GD on online VI loss

Wi = i1+ oV, s (B, logp (velf (0)] — D (Gualdw. ) )
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Approximating the expectations

o Expected gradient
8t = Bo,~q,,, , [Vo,logp(y:|f:(6:))]

@ Expected Hessian
G: = Eewq%‘ﬂ [Vgt log P(Yt|ft(‘9t))]
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Approximating the expectations

o Expected gradient
8: = Eo,~q,, ., [Vo,logp(y:|f(6:))]

@ Expected Hessian
G: = Eewqwt‘t,l [Vgt log P(Yt|ft(‘9t))]

@ Monte Carlo: Draw M samples from qy, ,_,
@ Linearized: Analytic expressions from approximate likelihoods
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Approximating the expectations

o Expected gradient

8t = EewqwtlH [V, log p(y:|f:(6:))]

Expected Hessian
G: = Eewq%‘ﬂ [Vgt log P(Yt|ft(‘9t))]

Monte Carlo: Draw M samples from gy, _,

Linearized: Analytic expressions from approximate likelihoods

Full Hessian: Second derivative at each observation

Empirical Fisher (EF; e.g., Martens 2020): First-order approximation

Jones, Chang, Murphy BONG 19 /35



Approximating the expectations

o Expected gradient

8t = EewqwtlH [V, log p(y:|f:(6:))]

Expected Hessian
G: = Eewq%‘ﬂ [Vgt log P(Yt|ft(‘9t))]

Monte Carlo: Draw M samples from gy, _,

Linearized: Analytic expressions from approximate likelihoods

Full Hessian: Second derivative at each observation

Empirical Fisher (EF; e.g., Martens 2020): First-order approximation
@ 4 combinations: MC-HESS, MC-EF, LIN-HESS, LIN-EF
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Monte Carlo methods

@ Sample {éﬁ'”) 1<m< /\/I}
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Monte Carlo methods

@ Sample {éﬁ'”) 1<m< /\/I}

@ Approximate mean gradient

M
1 ~(m A (m
gMe = U EZI t( ), gt( ) = Vet:éi’") log p(y:|f:(60:))
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Monte Carlo methods

@ Sample {éﬁ'”) 1<m< /\/I}

@ Approximate mean gradient
1M
g = > ", 8" =V, _gmlogp(ylfi(6:))
@ Approximate mean Hessian, 2nd-order method

M
_ 1 ~(m A(m
GHOTES = 28T G, G =V} log plyil(6:))

m=1
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Monte Carlo methods

@ Sample {éﬁ'”) 1<m< /\/I}

@ Approximate mean gradient

M
1 Alm AlMm
=2 &". & =V, _gmlogp(y:lfi(6:))

m=1

@ Approximate mean Hessian, 2nd-order method
1M
GHOTES = 28T G, G =V} log plyil(6:))
m=1

@ Approximate mean Hessian, EF method

M
GtMC—EF Z (m) 4 (m)T

m=1
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Linearized methods

@ Assume exponential-family likelihood

p(ye|xe, 0:) = exp (f: (0:)" y: — A(f:(0:)) — b(y:))

@ Define natural parameters h; (0;) = E [y:|f: (6:)]
e.g., f; (0:) is logits and h; (0:) = softmax (f; (6:)) is probabilities
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Linearized methods

@ Assume exponential-family likelihood
P(ye|xe, 0:) = exp (£ (0:) y: — A(£:(6:)) — b(y:))
@ Define natural parameters h; (0;) = E [y:|f: (6:)]
e.g., f; (0:) is logits and h; (0:) = softmax (f; (6:)) is probabilities
@ Linear(h)-Gaussian approximation (Ollivier 2018; Tronarp et al. 2018): linearize h; (6:) and
approximate likelihood as Gaussian
p(yelhe (6:)) ~ N(ye| he(6:) . R )
linearized conditional

about fty;_ 1 variance
! at pyjp_q
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Linearized methods

@ Assume exponential-family likelihood
P(ye|xe, 0:) = exp (£ (0:) y: — A(£:(6:)) — b(y:))
@ Define natural parameters h; (0;) = E [y:|f: (6:)]
e.g., f; (0:) is logits and h; (0:) = softmax (f; (6:)) is probabilities
@ Linear(h)-Gaussian approximation (Ollivier 2018; Tronarp et al. 2018): linearize h; (6:) and
approximate likelihood as Gaussian
p(yelhe (6:)) ~ N(ye| he(6:) . R )

linearized conditional
about p;,_, Variance
! at pyjp—a

@ Linear(f)-delta approximation: Linearize f; (6;) and use mean plug-in

pyelfi(0:) ~ exp( £ (6:)" ye — A(f(6:)) — b(ye))

linearized
about po;;_y

q"wbz\:—1 (ef) ~ 6Nz\t—1 (9:)
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Linearized methods

Under a Gaussian variational distribution, the linear(h)-Gaussian and linear(f )-delta
approximations yield the same values for the expected gradient and Hessian:

gtLIN = HJIA?;l (ye — ¥t)

G}IN—HESS — _H;r Rt_l Ht

where H; = jac (h; (+)) (ut‘t,l) and y: = h (/,Lt“,l).

Proof.

Direct calculation.

Intuition: Linear assumptions imply mean gradient equals gradient at mean.

For Hessian, the Gaussian and plug-in approximations require different linearizations to
eliminate curvature of the NN, yielding the GGN approximation.
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Linearized methods

@ Linear-EF method: Jacobian free
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Linearized methods

@ Linear-EF method: Jacobian free

o Expected gradient
g™ = HIR: (y: — 9)
= Vo s |3 (e = he(0)T R (v = he(61)]

@ Expected Hessian
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Linearized methods

Linear-EF method: Jacobian free

Expected gradient
g™ = HIR: (y: — 9)
= Vo s |3 (e = he(0)T R (v = he(61)]

Expected Hessian

LIN-EF __ LIN LIN\T
G, = —8; (gt )

o Justification: If model were correct, meaning y: = E [y:|x:],

then E[(y: — y¢) (e — 9:)"] = R.,
implying E [GtLINfEF} — GLIN-HESS
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Space of methods

Time Complexity

Family and parameterization

Method Approx FC, natural FC, moment Diag, natural Diag, moment DLR

BONG MC-EF O(MP?)* [RVGA] O(MP?)* O(MP)* O(MP)* O((R + M)?P)*
oBLR MC-EF O(1P?) o(I1P?) O(IMP)* [VON] o(ImMP)* O(I(R + M)?P)* [SLANG]
BOG MC-EF O(P?) O(MP?) O(MP)* Oo(MP)* O(RMP)*

oBBB MC-EF o(1P?) o(1P3) o(IMP)* O(/IMP)* [BBB] O(IR(R + M)P)*
BONG LIN-HESS O(CP?) [CM-EKF] O(CP?)  O(C2P) [VD-EKF] o(C?P) O((R + C)?P) [LO-FI]
oBLR LIN-HESS O(1P?) o(I1P?) O(IC?P) o(IC?P) O(I(2R + C)?P)
BOG LIN-HESS Oo(P?) O(CP?) O(C?P) O(C?P) O(C(C+ R)P)
oBBB LIN-HESS o(IP*) o(1P?) o(IC?P) o(IC?P) O(I(C + R)RP)

x: MC-EF asymptotically faster than MC-HESS (otherwise equal)
LIN-EF complexities: C — 1

RGVA: Lambert et al. (2021) (explicit update version)

VON: Khan, Nielsen, et al. (2018) (modified for online)

SLANG: Mishkin et al. (2018) (modified for online)

BBB: Blundell et al. (2015) (modified for online)

CM-EKEF: Ollivier (2018) and Tronarp et al. (2018)

VD-EKF: Chang, Murphy, et al. (2022)

LO-FI: Chang, Duran-Martin, et al. (2023)
Jones, Chang, Murphy BONG

P: params, C: observation dim, M: MC samples, /: iterations, R: DLR rank
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Experiments

@ Comparisons
o Implicit regularization: {BONG,BOG} vs {oBLR,0BBB}
o NGD: {BONG,0BLR} vs {BOG,0BBB}
o Linearization: LIN-HESS vs MC-EF
o Parameterization: natural vs moment
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@ Datasets

o MNIST: 10-way classification, D = 784, Niyain = 60k, Niest = 10k, CNN with P = 57,722
o SARCOS: 1d regression (robotic inverse dynamics, https://gaussianprocess.org/gpml/data/)
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SARCOS: 1d regression (robotic inverse dynamics, https://gaussianprocess.org/gpml/data/)
D = 22, Nizain = 44,484, Niest = 4,449, MLP (21-20-20-1) with P = 881

@ Metrics

Speed

Misclassification (MNIST)

Negative log predictive density: NLPD; = —ﬁ > jeDiens 198 B, gy, [p (ylf; (61))]

Monte Carlo: sample 8}5 ~ gy,

Linear Monte Carlo: evaluate linear-Gaussianized model A/ (yj|l_7j (6¢), f(’tj) (Immer et al. 2021)

Mean plug-in: log p (y;|f; (1¢))
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Experiments

@ Comparisons

Implicit regularization: {BONG,BOG} vs {oBLR,0BBB}
NGD: {BONG,0BLR} vs {BOG,0BBB}

Linearization: LIN-HESS vs MC-EF

Parameterization: natural vs moment

@ Datasets

Synthetic linear regression

MNIST: 10-way classification, D = 784, Niyain = 60k, Niest = 10k, CNN with P = 57,722
SARCOS: 1d regression (robotic inverse dynamics, https://gaussianprocess.org/gpml/data/)
D = 22, Nizain = 44,484, Niest = 4,449, MLP (21-20-20-1) with P = 881

@ Metrics

Speed

Misclassification (MNIST)

Negative log predictive density: NLPD; = —ﬁ > jeDiens 198 B, gy, [p (ylf; (61))]
Monte Carlo: sample 8}5 ~ gy,

Linear Monte Carlo: evaluate linear-Gaussianized model A/ (yj|l_7j (6¢), f(’tj) (Immer et al. 2021)
Mean plug-in: log p (y;|f; (1¢))

@ Hyperparams

Learning rate optimized on validation set (oBLR,BOG,0BBB)
Prior gy, (B0) = N (Go\uo,aglp): optimize 0(2) and sample po from standard NN initializer
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Timing

e Full covariance: {BONG,0BLR,BOG,0BBB} x {MC-HESS,LIN-HESS,MC-EF}
e DLR (rank R =10): {BONG,0BLR,BOG,0BBB} x {LIN-HESS,MC-EF}

@ Big speedups from linearization and implicit regularization (/ = 1)

@ NGD faster than GD for FC; slower for DLR because of SVD

@ SVD dimension is larger for oBLR than BONG

0] “@ bong_femc100.1.L70.EF0-Lin0
bong_fc-MC100-11-LRO-EF0-Lin1 |
@ bong_fc-MC100-11-LRO-EF1Lin /
0.6 | = bog_fe-MCI00-11-LR0_DO1-EFO-Lind 2
- bog_fcMC100-1-LR0_001-EFO-Lin1 /7
5% bog_fc-MCL00-11-LRO_001-EF1-Lind A
Tos blr_fc-MC100-110-LR0_001-EF0-Lin0. K
77| M bir fcMC100-00-LR0_001-EF0-Linl P
5 bi_fc-MC100-110-LR0_001 £F1-Lin x
% 0.4 k- bbb_fc-MC100-110-LR0_001-EFO-Lin1 7 -
B | e oo fcMC100:410-R0 001 £1-Ln0 Y L
E
So3
o2
01
00

200
Num. parameters

(a) Full covariance, 10 iterations for
BLR,BBB.

Jones, Chang, Murphy

Elapsed time per step (sec)

] @ bong-dirl0-EF1-MC100
e bong-dirL0-in
0.06 -t ¢ bog-dir10-EF1-MC100-LR0_001
e - bog-dirl0-in-LRO_001
e M birdirl0-EF1-MC100-11-LRO_001
I B brorioinn .00
" - Bbb-rL0-in1-LR0_001
00t
o
/
oot{
T A I D
. promeers
(b) DLR10, 1 iteration.
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MNIST: main algorithms
o {BONG,0BLR,BOG,0BBB} x {MC-EF LIN-HESS}

e DLR (rank R = 10)
@ Benefits of 3 main principles: implicit regularization, NGD, linearization

e Win for BONG-LIN (LO-FI, Chang, Duran-Martin, et al. 2023)

120
100
~—— bbb-dir10-ef mc100[sec:49.2] 5 z:’br;“"]’;“:’—'";;g”lﬁ::? ;l
09 bir-dir10-ef_mc100(sec:131.0] 5 " 'e}mt [sec ) S 80
bog-dIr10-ef_mc100[sec:5.6] 4 bog-dir10-ef_ mc100[sec:5.6] p
! —— bong-dIr0-ef_mc100[sect13.0] . — bongdri0-ef mel00fsec13.0] | £
\ bbb-dir10-hess_linsec:44.4] bbb-dir10-hess_lin(sec:44.4] 5 60
bir-dir10-hess linfsec:37.11 bir-dirl0-hess_linfsec:37.1]
bog-dir10-hess _linlsec:3.6] z bog-dir10-hess lin[sec:3.6] w0
‘k bong-dir10-hess_lin(sec:5.2) 23 bong-dir10-hess_linlsec:5.2]
W\ 2 | % 20
Wi E 1
L)
% 0 \ § 2 N 0 =
Mook R k s g 8 8 s £ s =
o e S Y
03 e G TN TS o gy 1 Y It S5 = ¢ s & o £ £ £ ¢
T A AR S 3 g & & & g £ £ g
g g g g 5 3 5 5
0.2 3 F 3 z g 5 3 3
0 250 500 750 1000 1250 1500 1750 2000 0 250 500 750 1000 1250 1500 1750 2000 s 5 & 2 g < 8 H
num. training observations num. training observations s s 38
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MNIST: BONG variants
o {Diag,Diag-Moment,DLR1,DLR10} x {MC-EF,LIN-HESS}

o FC =~ DLR10 > DLR1 > Diag ~ Diag-Moment
@ DLR LIN-HESS (LO-FI) reasonably fast (LIN-EF not implemented)

14
12
10
—— bong-diag-ef_mcl00[sec:3.2] —— bong-diag-ef mcl00[sec:3.2] 2
0.9 bong-diag-hess_lin[sec:3.3] bong-diag-hess_lin[sec:3.3] 2
08 mom-hess_lin[sec:2.2] —— bong-diag_mom-hess_lin[sec:2.2]
= f_ mc100[sec:14.5] bong-dirl-ef_mc100[sec:14.5] =
So07 —— bong-dir10-ef_mc100[sec:13.1] —— bong-dir10-ef mc100(sec:13.1] 4
3 bong-dirl-hess_lin[sec:4.8] =20 bong-dirl-hess_lin[sec:4.8] =
s bong-dir10-hess lin[sec:s.0] S bong-dir10-hess lin[sec:s.0] 2
208 ~ 2 s
3 R s
205 215 0
g s s 8 5 8 8 s <
% 10 k K 3 £ ¥ ¥ g K]
g e 5 & & 5 T
DM XA SETBAIRON e 1o ror . g 3 s £ § T ; s
03 3 ooy xf‘\/gs“\fvw - ooy, g T T s £ 4 % 5 g 3
Y * MK s 8 g £ 5 2 3 s
02 H § 2 8 3 <
0 250 500 750 1000 1250 1500 1750 2000 0 250 500 750 1000 1250 1500 1750 2000 -
num. training observations num. training observations 5
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MNIST: predictive distributions

@ Linearized methods do poorly with MC on nonlinear model (Immer et al. 2021)
@ Predicting with linearized model matches mean plug-in
e Same pattern for NLPD (not shown)

—— bbb-dlIr10-ef_mc100(sec:49.2] ¥ —— bbb-dlr10-ef_mc100(sec:49.2]
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£ | bbb-dir10-hess_lin[sec:44.4] g bbb-dir10-hess_lin[sec:44.4] s bhb\jd‘\rlnr:[m(fﬂnlse(,dQ 2]
B bir-dir10-hess_lin{sec:37.1] % 07 bir-dir10-hess_lin[sec:37.1] 2., \ BinI1 -6 me100[ a0 35)
s bog-dir10-hess _lin{sec:3.6] < ' bog-dir10-hess lin{sec:3.6] : bog-dIrL0-ef mcl00[sec:s.61
Soe % bong-dir10-hess_infsecis.2] . y bong a0 hess lnfsec5.2] ] | T ponairto ot ime100pee1ad1
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g £ i % 05 0g-dIr10-hess_infseci3.6]
2 Xa a il H bong-dir10-hess_lin[sec:5.2]
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SARCOS: Linear methods

{BONG,0BLR,BOG,0BBB} x {1 iteration, 10 iterations (0BLR,0BBB)}, all DLR10
Advantage for NGD methods (BONG,0BLR)

BLR with 10 iterations catches up to BONG

Iterated methods are slower (oBLR,0BBB)

Model: mlp_20_20_1(P=881]. Data: sarcos. Expt: bakeoffitl Model: mlp_20_20_1(P=881]. Data: sarcos. Expt: bakeoffit10
—#— bbb-dIr10-LinHess-t1-LRO_05 [sec:5.9+-0.1 nlpd-pi@T=2000:3.50+-0.09] ~# bbb-dir10-LinHess-ItL0-LRO_01 [sec:14.6+-0.1 nlpd-pi@T=2000:3.60+-0.25]
12— bir-dir10-LinHess-It1-LRO_S [sec:6.5+-0.0 nlpd-pi@T=2000:3.28+-0.21] 12— birdir10-LinHess-It10-LRO_1 [sec:21.2+-0.2 nlpd-pi@T=2000:3.29+-0.14]
b0g-dirL0-LinHess-LRO_05 [5ec:5.0+-0.0 nlpd-pi@T=2000:3.50+-0.09] b0g-dir10-LinHess-LRO_05 [sec:5.0+-0.0 nlpd-pi@T=2000:3.50+-0.09]
bong-dir10-LinHess [sec:6.1+-0.1 nlpd-pi@T=2000:3.32+-0.21] bong-dir10-LinHess [sec:6.1+-0.1 nlpd-pi@T=2000:3.32+-0.21]
10 10
58 8
° <
k3 )
6 6
4 4
2 2
3 250 500 750 1000 1250 1500 1750 2000 0 250 500 750 1000 1250 1500 1750 2000
num. training observations num. training observations

(a) 1 iteration. (b) 10 iterations.
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SARCOS: MC m

e {BONG,0BLR,BOG,0BBB} x {1 iteration, 10 iterations (o0BLR,0BBB)}, all DLR10
o Advantage for NGD methods (BONG,0BLR)
@ oBLR with 10 iterations outperforms BONG though 6x slower

@ All methods learn slower than linear versions

Model: mlp_20_20_1(P=881]. Data: sarcos. Expt: bakeoffitl Model: mlp_20_20_1(P=881]. Data: sarcos. Expt: bakeoffit10
—— bbb-Ir10-MCEF100-1t1-LRO_05 [5ec:6.9+-0.1 nlpd-pi@T=2000:5.29+-0.59] ~4— bbb-dir10-MCEF100-It10-LRO_01 [sec:15.8+-0.1 nlpd-pi@T=2000:3.78+-0.101
141 <4~ bIr-dir10-MCEF100-It1-LRO_5 [seci13.4+-0.0 nlpd-pi@T=2000:4.45+-0.24] 141 —~ bIrdirL0-MCEF100-It10-LRO_1 [sec:78.1+-0.5 nlpd-pi@T=2000:3.45+-0.05]
bog-dir10-MCEF100-LRO_1 [sec:5.4+-0.1 nlpd-pi@T=2000:6.19+-0.90] bog-dir10-MCEF100-LRO_1 [sec:5.4+-0.1 nlpd-pi@T=2000:6.19+-0.90]
b bong-dirL0-MCEF100 [sec:12.3+-0.1 nlpd-pi@T=2000:4.12+-0.03] - bong-dirl0-MCEF100 [sec:12.3+-0.1 nlpd-pi@T=2000:4.12+-0.03]
10 10
S8 : ]
] 3
2 B 2 .
< 2 <
i .
6 [ 0 " 6 0
R .
Ry Ch N
4 4 a1 il
R e B SR Bt
2 2
o

o 250 00 750 1000 1250 1500 1750 2000 3 250 500 750 1000 1250 1500 1750 2000
num. training observations. num. training observations

(a) 1 iteration. (b) 10 iterations.
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oBLR learning rates (SARCOS

e a € {.005,.01,.05,.1, .5}, DLR10 with LIN-HESS

o Also compared to BONG (e =1)
@ oBLR sensitive to learning rate, though less so with more iterations

nlpd-pi

Model: mip_20_20_1[P=881]. Data: sarcos. Expt: birl-Ir-bong

Model: mlp_20_20_1[P=881]. Data: sarcos. Expt: birl0-Ir-bong

—%— bong-dir10-LinHess [sec:6.1+-0.1 nlpd-pi@T=2000:3.32+-0.21]
—+— blrdir10-LinHess-It1-LR0_00S [sec:6.2+-0.1 nlpd-pi@T=2000:8.13+-0.22]
inHess-It1-LRO_01 [5ec:6.2+-0.0 nlpd-pi@T=2000:6.12+-0.47]
-LinHess-It1-LRO_05 [sec:6.3+-0.0 nipd-pi@T=2000:3.68+0.70]
birdir10-LinHess-It1-LRO_1 [sec:6.4+-0.1 nlpd-pi@T=2000:3.51+-0.49]
bir-dir10-LinHess-It1-LRO_S [sec:6.5+-0.0 nlpd-pi@T=2000:3.28+-0.21]

%~ bong-dir10-LinHess [sec:6.1+-0.1 nlpd-pi@T=2000:3.32+-0.21]

—+— birdIr10-LinHess It10-LRO_005 [5ec:20.0+-0.1 nlpd-pi@T=2000:3.66:+-0.68]

—+— bIr-gIrl0-LinHess-It10-LRO_01 [5ec:20.5+-0.2 nlpd-pi@T=2000:3.50+-0.46]
bIr-glr10-LinHess-It10-LRO_0S [sec:20.5+-0.1 nlpd-pi@T=2000:330+-0.25]
bIF-Ir10-LinHess-It10-LRO_1 [sec:21.2+-0.2 nlpd-pi@T=2000:3.29+-0.14]
BIr-gIr10-LinHess-It10-LRO_S [sec:22.9+-0.3 nlpd-pi@T=20003.36+0.17]

. 3 .
El 5
g
§ s R wm i mw o e T wh s R wm i mw uke
num. training observations. num. training observations
(a) 1 iteration. (b) 10 iterations.
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oBBB learning rates (SARCOS

a € {.005,.01,.05,.1,.5}, DLR10 with LIN-HESS
Also compared to BONG (a = 1)

Sensitive to learning rate

Performs better with more iterations, still < BONG

o Model: mip_20_20_1[P=881]. Data: sarcos. Expt: bbbl-Ir-bong Model: mip_20_20_1(P=881]. Data: sarcos. Expt: bbb10-Ir-bong
—%— bong-dIr10-LinHess [sec:6.1+-0.1 nipd-pi@T=2000:3.32+-0.21] ~¥— bong-dirl0-LinHess [sec:6.1+-0.1 nlpd-pi@T=2000:3.32+-0.21]
—®- bbb-dirl0-LinHessIt1-LRO_005 [sec:5.9+-0.0 nlpd-pi@T=2000:8.13+-0.22] ~#~ bbb-dir10-LinHessIL10-LRO_005 [seci14.6+-0.1 nlpd-pi@T=2000:3.75+-0.52]
94—~ bbb-dIrl0-LinHess-It1-LRO_01 [sec:5.9+-0.0 nlpd-pi@T=2000:5.90+-0.55] 9|~ bbb-ir10-LinHess-1t10-LROLO1 (seci14.64-0.1 nipd-pi@T=2000:3.60+-0.25]
DDE-dIrL0-Linkess-It1-LRO_05 [sec:5.9+-0.1 nipd-pi@T=2000:3.50+-0.091 bbb-dir10-LinHess-It10-LR0_05 [sec:74.1+-33.4 nipd-pi@T=516:5.10+-1.35]
bbb-dir10-LinkHess-It1-LRO_L [sec:16.7+-8.5 nipd-pi@T=161:inf+-nan] bbb-dir10-LinHesst10-LR0_1 (56€:132.54-1.0 nlpd-pi@T=92:9.17+2.51)
8 bbb-dIr10-LinHess-It1-LRO_S [sec:27.7+-0.3 nlpd-pi@T=54:108567280000000003 B =% -
7 . 7
a | - .
e < 26 ~
€ <
s s -
4 00 4 T4 el R N O
3 3
2 2
3 250 500 750 1000 1250 1500 1750 2000 0 250 500 750 1000 1250 1500 1750 2000
num. training observations num. training observations

(a) 1 iteration. (b) 10 iterations.

Murphy BONG 33/35




BOG learning rates (SARCOS

e a € {.005,.01,.05,.1,.5}, DLR10, using LIN-HESS and MC-EF
o Also compared to BONG (e =1)

@ Sensitive to learning rate and performs poorly

Model: mip_20_20_1[P=881]. Data: sarcos. Expt: bog-rbong

0 Model: mip_20_20_1(P=881]. Data: sarcos. Expt: boglr-bong
%~ bong-dIr10-LinHess [sec:6.1+-0.1 nlpd-pi@T=2000:3.32+-0.21) %~ bong-diri0-Liness [sec:6.1+-0.1 nlpd-pi@T~2000:3.32+-0.21]
—B- bog-dir10-LinHess-LRO_00S [sec:4.9+-0.1 nipd-pi@T=2000:8.13+-0.22] 8- bog-dir10-LinHess-LRO_00S [sec:4.9+-0.1 nlpd-pi@T=2000:8.13+-0.22]

94— bog-dir10-LinHess-LRO_O1 [sec:4.9++-0.0 nipd-pi@T=2000:5.90+-0.55] 9 —#- bog-dirL0-LinHess-LRO_01 [sec:4.9+-0.0 nlpd-pi@T=2000:5.90+-0.55]
bog-dir10-LinHess-LRO_05 [sec:5.0+-0.0 nlpd-pi@T=2000:3.50+-0.09] bog-dir10-LinHess-LRO_05 [sec:5.0+-0.0 nlpd-pi@T=2000:3.50+-0.09]
bog-dir10-LinHess-LRO_1 [sec:16.6+-8.7 nipd-pi@T=161:inf+-nan] A bog-dir10-LinHess-LRO_1 [sec:16.6+-8.7 nlpd-pi@T=161:inf+-nan]

8 bog-dIr10-LinHess-LRO_S [sec:26.8+-0.1 nipd-pi@T=54:1.08e+28+-inf] 8 bog-dir10-LinHess-LRO_S [sec:26.8+-0.1 nipd-pi@T=54:1.08e+28+-inf]

7 0 7 0

3 Sis 3 d/0
E : E :
< <
5 5
a4 - o5 4 . v .
3 3
2
0 250 500 750 1000 1250 1500 1750 2000 0 250 500 750 1000 1250 1500 1750 2000
num. training observations

7
num. training observations

(a) LIN-HESS. (b) MC-EF.
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Conclusions

@ Novel approach to online VI
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e Framework unifies many existing methods and new ones (e.g., SLANG-LIN; cf. Mishkin
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@ Experiments support all three principles: implicit regularization, NGD, linearization
@ Overall winner is LO-FI (Chang, Duran-Martin, et al. 2023): BONG-LIN on DLR prior

@ Goals: scale to larger models and nonstationary settings
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