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Symmetric Graph
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(@ (d) Figure 1: Common symmetric graphs. Equivariant GNNs on symmetric graphs will degenerate to a
zero function if the degree of their representations is fixed as 1.

Symmetrical Structure

Coincides with itself under
certain transformations

Co0 & Carbon Nanotube VhenNbh-Gg=¢
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Symmetrical Structure

I Degeneracy
1

Equivariant GNNs .
Coincides with itself under at a specific order 1

certain transformations

VhENH-G=G P (g) fP(G) = fP(g-G) f9G) =0
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Using the definition of symmetric structure and
—O—< equivariant function, we can get the equation

G =0 -9)
03%0 8% = o) - FO(9)
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Symmetrical Structure hes
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Coincides with itself under
certain transformations Note that the types of point groups are finite, so we only

need to enumerate all the groups to represent the
VheNnhnh-g=¢g average.
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Theoretical Results

000 A
Fig

Symmetrical Structure

Coincides with itself under
certain transformations

vheHh-g=¢

Using the definition of symmetric structure and
equivariant function, we can get the equation

(Lare1 = pV(9)) £ (@) =0

Left Matrix | I The Degeneration
is full-rank Phenomenon
det (121+1 — P(l)(f))) # 0 9@ =0

Note that the types of point groups are finite, so we

only need to enumerate all the groups to represent
the average.
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Trace of point group average representation

Group Notation  Data for Wigner-D matrix traces DO (H)

Reflection group C; (20 + 1) - drmod 2,0

Cyclic group C, 2|l/n] +1

Dihedral group D, [l/n| + d1mod 2,0

Tetrahedral group T r==0 b= 100110

Octahedral group @ r=12 b = 100010101110

Icosahedral group 1 r =30 b = 100000100010100110101110111110

Prediction of degenerate results for various
symmetric graphs

Symmetric Graph G Symmetry Group $ € H(G) [ leading to f()(G) = 0

2k-fold C;, Doy, [ is odd

(2k + 1)-fold Doy 11 [ <2k +1and!isodd
Tetrahedron T le{1,2,5}
Cube/Octahedron C;,0 [ =2orlisodd
Dodecahedron/Icosahedron Ci, 1 l € {2,4,8,14} or L is odd

k-fold (odd) k-fold (even) Tetrahedron Cube(Hexahedron)  Octahedron Dodecahedron [cosahedron

Difficulties
» Previous models generate all representations of

|l; — l5|~14 + L, through CG tensor product, and
cannot extract representations of special orders for
verification

Additional requirements
> Can the model used for verification have good

application value? For example, use it on
actual datasets?

» Traditional high-order models use CG tensor products,
with a complexity of up toO(L6), Can we design a
model with lower complexity?

» Can you explain the theoretical basis for using
high-order representations other than distinguishing
symmetric structures?
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HEGNN: Use the scalarization-trick to introduce high-order representations, which reduce the time

complexity to O(L?) from O(L®) of CG tensor-product
» Initialization: Use spherical harmonics and calculate coefficients for different orders
» Expression ability: Use the relationship between spherical harmonics and Legendre polynomials to prove

that HEGNN can fully express all inner product information of geometric graphs

[L ncat}— MLP | ~ .Dth Degree ®1st Degree Y Mixed Degrees
l Operator / Network

EE =)
(a) EGNN [cunfat]—[ i }——(heg }-()
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(b) TEN (¢) HEGNN
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O Initialization of high-degree steerable feature
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O Calculation of cross-degree invariant messages
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: SO3krates

: SO(3) Convolutions
: Feature dimension

: Spherical harmonics

. Clebsch-Gordan (l) <,5§l) 7 6§l) >

" coefficients J
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The message passing formulas of our HEGNN, EGNN and TFN
EGNN [1] TEN [12] HEGNN (Ours)
mij = om(hi hj, e, d%, @ 21)
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Theorem 4.1. For any geometric graph, there exists a bijection between the set of inner products
{z I ”l given by Eq. (10) and the set of edge angles A;; = {0;s ji = (Bis, Bjt) FseN (i) teN (G)-
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Symmetric polyhedron experiment: N-body (N=5, 20, 50, 100): consistently

[ [
Theoretical and experimental results outperforms other models
[
are completely consistent MD-17: outperforms most molecules (6/8)
o) T - 5-body 20-body 50-body 100-body
e O e MSE Relative MSE  Relative MSE  Relative MSE Relative
N\ (x107%)  Time (x107%) Time (x107%) Time (x1072) Time
) L Linecar 7.72 0.01 10.12 0.02 11.81 0.02 12.69 0.01
) ) ) MPNN [35] 1.80 0.49 2.50 0.51 2.96 0.50 3.55 0.45
k-fold (odd) k-fold (even) Tetrahedron Cube(Hexahedron) Qctahedron Dodecahedron Icosahedron SchNet [36] 11.31 2.93 17.72 6.24 29 14 31.63 92914 27.04
RF [34] 1.51 0.54 3.41 0.65 4.75 0.67 5.72 0.49
- GVP-GNN [37] 7.26 2.36 H.76 2.38 7.07 2.42 7.55 2.33
Rotational symmetry EGNN [1] 0.65 1.00 1.01 1.00 1.00 1.00 1.36 1.00
GNN Layer Tetrahedron Cube Octahedron  Dodecahedron  Icosahedron TEN 149 5,69 186 319 220 587 512 6.58
1<92 Al b} i o 1t . . 9.4 o
+  E-GNN;_, 50.0 00 50.0 200 50.0 00 50.0 0.0 50.0 00 TFN;;;; 1.76 3.91 1.87 4.54 1.94 4.89 OOM -
S GVP-GNN;_, 50.0 00 50.0 =00 50.0 =00 50.0 0.0 50.0 00 SE(3)-Tr.j<2 3.24 4.94 3.19 5.88 2.54 5.97 2.33 5.15
HEGNN; 50.0 00 50.0 200 50.0 00 50.0 x0.0 50.0 0.0 HEGNN; < 0.52 1.77 0.79 1.84 0.88 1.60 1.13 1.45
= HEGNN; » 50.0 00 50.0 00 50.0 00 50.0 z0.0 50.0 x00 HEGNN; <2 0.47 1.88 0.78 1.94 0.90 1.71 0.97 1.55
2 HEGNN; 3 100.0 0.0 50.0 00 50.0 00 50.0 =00 50.0 0.0 HEGNN; <3 0.48 2.11 0.80 2.23 0.84 1.84 0.94 1.61
2 HEGNN; 4 100.0 =00  90.0 300 90.0 £30.0 50.0 0.0 50.0 00 HEGNN;<¢ 0.69 2.14 0.86 2.43 0.96 2.18 0.86 1.90
& HEGNN; 5 50.0 00 50.0 00 50.0 00 50.0 z0.0 50.0 x00
?c)a HL':‘GNNE 6 100.0 0.0 100.0 = 0.0 100.0 0.0 100.0 0.0 100.0 = 0.0 Aspirin  Benzene Ethanol Malonaldehyde Naphthalene Salicylic Toluene — Uracil
£ HEGNN; 7 100.0 £0.0 50.0 00 50.0 00 50.0 z0.0 50.0 00 :
©  HEGNN; g 100.0 =00 90.0 £30.0 90.0 £30.0 50.0 £0.0 50.0 00 RF 10941001 103.72+120 4.64-10.01 13.93 1003 0.50+t00m  1.231+00 10.931004 0.64 1001
%‘3 HEGNN;, 100.0 =00 50.0 0.0 50.0 0.0 50.0 +0.0 50.0 <00 ]::,GNN 14.41+0.15 62.4_01:)_53 4.64_i0_m 13.64+0m 0.47+002 1.02111.02 11.78+007 0.641—0.(:1
“2 HEGNN;_ 1, 100.0 0.0 100.0 = 0.0 95.0 £15.0 100.0 =00 100.0 = 0.0 ]:‘GNNch 13.824019 61.68+037 6.06-L0.01 13.49 4006 0.63+om  1.68+00 ll.OEium 0.66-L0.01
HEGNN; 1, 100.0 = 0.0 50.0 00 50.0 00 50.0 <00 50.0 <00 GMN 10.14 1003 48.121040 4.83 1001 13.11 1003 0.40 00 091100 10.221008 0.59 1001
HEGNN/TEN/MACE; < 50.0 200 50.0 00 50.0 =00 50.0 =00 50.0 =00 rl“l'j‘NjSFQ‘ 12.37+018 58.48+198 4.81+004  13.62+008 0.49+001  1.03+0.02 10.89+001 0.84+0.02
< HEGNN/TEN/MACE; <4 100.0 = 0.0 50.0 =00 50.0 00 50.0 0.0 50.0 =00 SE(3)-Tri<2 11.124006 68.11+067 4.74+003  13.89+0m 0.52+00m 1131002 10.881006 0.79+0.02
& HEGNN/TEN/MACE; < 4 100.0 = 0.0 100.0 00 100.0 0.0 50.0 =00 50.0 <00 HEGNN;<; 10321058 62534762 4.03+0m  12.85+001 0.38+001  0.90+00s 10.56+0.10 0.56-t0.02
HEGNN/TEN/MACE; <¢ 100.0 = 0.0 100.0 = 0.0 100.0 = 0.0 100.0 = 0.0 100.0 = 0.0 HEGNN;<2 10.04+045 61.80+592 4.63+0.01 12.85+0.01 0.394+001 0914006 10.56+005 0.55+L0.01

HEGNN; <3 10204023 62.824425 4.63+0m  12.8540m 0.37+001 0941010 10.55+016 0.52+001
HEGNN;<s  9.94+007 59.93+s521 4.62+001  12.85-+001 0.37+002  0.88+002 10.56+033 0.54-+0.01
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Most molecules may not be symmetrical, and even affected by molecular vibration, the structural
changes are enough to eliminate the original symmetry.

So what are the advantages of HEGNN at this time? The answer is better robustness!

Table 5: Take the tetrahedron as an example and compare the cases of EGNN, HEGNN;_3, and
HEGNN;, <3 when adding noise perturbations. Here, € represents the ratio of noise, and the modulus
of the noise obeys N (0,¢ - E[||# — Z.||] - I). Tt can be observed that the performance of EGNN is
slightly improved in the presence of noise (from 50% when € = 0.01 to 60% when £ = 0.5), while
HEGNN demonstrates better robustness.

e =0.01 e =0.05 e =0.10 e = 0.50

EGNN 50.0 0.0 450+150 65.0+x229  60.0 £200
HEGNN;—5; 100.0 0.0 100.0 £0.0 100.0 0.0 100.0 0.0
HEGNN;<3  100.0 z00 100.0 0.0 100.0 £00  100.0 = 0.0
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