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Goal
Let Po(RY) = {p € P2(RY), [|lz]|3 du(z) < oo}, F: Po(RY) — R

Goal:

in  F
Lo (1)

Applications:

o F(p) = KL(p||u*) for sampling from p* oc eV

e F(u) = D(u,v) for modeling the dynamic of population of cells

Setting: Wasserstein Gradient Descent

T, Pa(R?) C L (1) g

\I"“ =1d — 7Vw, F (1)
§

s = (Thopr) g ptn

Py (RY)



Contributions

Study schemes of the form
{Tk+1 = argminperz(,,) A(T,1d) + 7(Vw, F(ux), T —Id) r2(u,)
P+t = (Thi1) gk,
and provide convergence conditions.
Considered divergences:

e For d(T,1d) = £||T — Id||2Lz(#): Wasserstein gradient descent
* Fordy,(T,1d) = ¢,(T) — ¢,(Id) — (V¢,(Id), T —1d) z2(,) (Bregman

divergence on L?(p)): extends Mirror Descent (Beck and Teboulle, 2003) to

Po(RY).
e For d(T,Id) = [ h(T(z) — ) du(z): extends Preconditioned Gradient
Descent (Madd|son et aI 2021) to Py(R?)



Theoretical Results

Results: descent and convergence under relative smoothness and convexity

Mirror Descent: For any u € P2(R?), let ¢, € L?(11) be a Bregman potential.

Then, under assumptions of smoothness and convexity of F relative to ¢, and
some technical assumptions,

Fpw+1) < Flu) — Bdg,,, (Id, Tip),

Fu) - 7y =0 (1)

Preconditioned Gradient Descent: Let d)h = [hoT du. Under relative
smoothness and convexity of gbﬁ relative to .7-'*,

Hk+1 (szf(lu'k+1)) < ¢Z; (VWTF(MIC)) - Bd]}uk (TkJrlv Id)a

ol (T, F i ))—h*(o>=o(i>.



Implementation of the scheme

Mirror Descent:
e For ¢,(T) = [V o T du (Potential energy),

Vk >0, Trpr =VV* 0 (VV = 7Vw, F(ur))

— Wasserstein Mirror Descent (Sharrock et al., 2023)
e For ¢,, pushforward compatible (i.e. ¢, (T) = ¢(Tyu) with ¢ : P2(R?) — R):

Vk >0, Vw, (k1) © Trr1 = Vw, d(pr) — 7Vw, F ()
Implicit in Tk+1 — Newton method

Example: ¢,(T ffW T(y)) dp(x)du(y) (Interaction energy)

Preconditioned Gradient Descent:

Vk >0, Trp1 =1Id — 7VR* o Vw, F(pk)

In practice: for pu, = L 3°7 6.« and for all i € {1,...,n}, 2f ! = Tpyq(ah).
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Mirror Descent on Interaction Energy
Goal: Let X € ST (R) possibly ill-conditioned,

min W) = [ [ Wi = 9) duo)duty) with W)= 1l = 510

M
Bregman potential: ¢, (T) = [[K (T(z) — T(y)) du(z)du(y) with
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Mirror Descent on Gaussian
Goal:
1
min F(p) = KL(p, p*) = /Vd/,t + H(pn) +cst with V(z) = ixTEfla:
o
— minimum p* = N(0,%).
Comparison between:
e Forward-Backward (FB) on the Bures-Wasserstein space (Diao et al., 2023)
* Preconditioned Forward-Backward (PFB) scheme with ¢(p) = [ Vdu
e NEM: MD with ¢(p) = H(n) = [log (u(z))dp(z) and restriction to Gaussian

KL (g ][ 12")
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Preconditioned GD on Single-Cells

Goal: min, F(u) = D(u,v) with py untreated cell and v perturbed cell
Use PGD with 2*(z) = (||z[|$ 4+ 1)Y/* — 1 with a € {1.25,1.5,1.75}, which is well
suited to minimize functions growing in ||z — z*||%/(*=1) near z*.
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® Rows: 2 profiling technologies

® Columns/subcolumns: Different objectives F/measure of convergence and number of iterations
to converge

® Points: For treatment ¢, z; = (;,y;) with x; value of (i) = D(f,v) (1st subcolumn) or
number of iterations (2nd subcolumn) without preconditioning and y; with preconditioning

® Colors: treatments

— Points below the diagonal: PGD provides a better minimum or converges faster



Conclusion

Thank you!

Paper: https://arxiv.org/abs/2406.08938
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