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Example 1: spatial heteroscedasticity
Air quality [HGBF21]: hourly readings of PM2.5 particulate density (µg/m3) in central
California during Feb 9-13, 2021

• AirNow: 25 high-precision sensors

• PurpleAir: 250 low-precision sensors
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Example 2: temporal heteroscedasticity

Star spectra [APA+20, LHM+20, HYFB23]: n = 5000 spectra for a fixed star, each a
d = 281-dimensional vector recording the flux at d wavelengths in [1480, 1620] nm
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Matrix denoising with doubly heteroscedastic noise

Yihan Zhang and Marco Mondelli. “Matrix Denoising with Doubly Heteroscedastic
Noise: Fundamental Limits and Optimal Spectral Methods.” arXiv:2405.13912

A =
λ

n
u∗v∗⊤ +W ∈ Rn×d

where

W = Ξ1/2W̃Σ1/2, W̃ i,j
i.i.d.∼ N (0, 1/n)

proportional regime:
n

d
→ δ

https://arxiv.org/abs/2405.13912
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Bayes-optimality

Theorem (“Information-theoretic limit” [ZM24])

lim
n→∞

sup
ũ

E

[ ∣∣〈Ξ−1/2u∗, ũ
〉∣∣2∥∥Ξ−1/2u∗

∥∥2
2
∥ũ∥22

]
=

q∗u
E
[
Ξ−1

] ,
lim
d→∞

sup
ṽ

E

[ ∣∣〈Σ−1/2v∗, ṽ
〉∣∣2∥∥Σ−1/2v∗

∥∥2
2
∥ṽ∥22

]
=

q∗v
E
[
Σ−1

] ,
where q∗u, q

∗
v solve

q∗u = E
[

λ2q∗vΞ
−2

δ + λ2q∗vΞ
−1

]
, q∗v = E

[
λ2q∗uΣ

−2

1 + λ2q∗uΣ
−1

]
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Weak recovery threshold

Corollary

Positive overlaps with u∗, v∗ are achievable if and
only if

λ >
(
δE

[
Ξ−2

]−1E
[
Σ−2

]−1
) 1

4

Remark
BBP threshold [BBAP05] for whitened Ξ−1/2AΣ−1/2:

λ >
(
δE

[
Ξ−1

]−2E
[
Σ−1

]−2
) 1

4
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A spectral estimator on steroids
Theorem (Efficient algorithm [ZM24])

The estimator

ûspec = G2(Ξ)u1

(
G1(Ξ)AF1(Σ)︸ ︷︷ ︸

A∗

)
• achieves the Bayes-optimal weak recovery threshold;

• achieves the Bayes-optimal overlap if Ξ = In.
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THANK YOU!

arXiv:2405.13912

zephyr.z798@gmail.com

https://arxiv.org/abs/2405.13912
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