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Background - Causal Discovery with Observational Data

Causal discovery uncovers latent causal relationships within data by modeling a Directed Acyclic
Graph (DAG) connecting various variables.

Input: data with n samples and d features

Output: DAG with d nodes

X1 X9 X3 X4 f \

05| .. 1030 .. | 10 By observation only 68 @

3.5 40 | 8.0 2.0 >
1.75 | .. 2.25 | 5.08 | .. 1.5 @ @ @

Without any intervention I
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Motivation - Linear and Nonlinear Challenge
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CaP$ (Nonlinear) Linear proportion (Linear)

e Existing approaches normally limit their discussions to pure linear or nonlinear relations, which will suffer
significant performance loss when their assumptions mismatch.

* Since we don’t know whether the real-world data is linear or nonlinear, it is difficult to choose an effective
model. Thus, we need a method that works well in both linear and nonlinear and most possibly mixed cases.
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Preliminaries - Ordering-based Causal Discovery i

HOMON

Stage 1:
Input: |:> Estimate topological ordering
data with n samples and d features

®
®

L 2

iyt g N
x1 | o xy L xs | oo | x4 A
o5 | .. 10|30/ .. |10 Stage 2: '
Initialize DAG & Pruning
25 | - |40 | 50| - | 20 OO ORE®
N /
175 | .. | 225|508 .. | 15 @
4 )
Output:
-0.5 0.0 | 1.0 0.0 DAG with d nodes

This two-stage strategy has been shown to have the capability to reduce the complexity of DAG
discovery while keeping the acyclic constraint.
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Methods - Topological Ordering (Stage 1 of CaPS)
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A novel ordering criterion for leaf nodes discrimination &

Theorem 1. Let s(x) = Vlogp(x) be the score and let diag(-) be the diagonal elements of the matrix. For any
x; In the causal graph G:

j = argmax(diag(E [as(;)])) = x; Is a leaf node

0

Proof. See section 4.1 and appendix A.2 in our manuscript.

X1 e | X2 1 X3 T

0.5 1.0 3.0 1.0 X1 |xo |x3 | X4 xq |5 1x3 xq |x3 X1 @

3.5 4.0 8.0 2.0 | @

Theorem 1.
1.75 2.25 | 5.08 1.5 — @
Iteratively remove current leaf node and estimate the @
expectation of the diagonal of the score’s Jacobian
-0.5 0.0 1.0 0.0
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Methods - Topological Ordering (Stage 1 of CaPS)

Two identifiable scenarios

In this paper, we give two sufficient conditions for causal identifiability without any assumption of causal
relations, i.e., linear or nonlinear assumption.

. . . . Noises: 0Oy
(i) Non-decreasing variance of noises.

For any two noises €; and €;, 0; = o, if T(i) < 1 (j). features: . @ @ @

Causal effect > Lower bound

(ii) Non-weak causal effect.
2
1 of; 1 1 il
For any non-leaf nodes x;, Xecn(j) — E o, (pa;(x)) ) | = ="
min Ji

Conditions (i) and (ii) are two different identifiable scenarios, and CaPS only needs one of them to be
satisfied. (see Assumption 1 for more details)
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Methods - Parent Score (Stage 2 of CaPS)

A new metric to approximate the average causal effect [/

* Can we utilize some of the information hidden in Theorem 1 for further post-processing?

Parent score is introduced to reflects the strength of the average causal effect of a given parent. This metric can be
obtained directly by decoupling from Theorem 1 without any additional computational complexity.

( 2
"ég lIE %(pa-(x)) X; € pa;(x)
Theorem 1. I:> Parent Score. P =10f |\0x; " ' ! l
L 0, xj &€ pa_i (x)
99 Pre-pruning. Remove the low-confidence edges 7" Edge Supplement. Use high-confidence parents
and reduce the searching space. to supplement the edge.

SN SN N

Pre-pruning = CAM pruning [ Edge Supplement

o
v
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Figure 1: Results of SynER1 (top) and SynER4 (bottom) with different linear proportions, where linear proportion equal to 0.0 means
all relations are nonlinear and 1.0 means all relations are linear.
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Figure 2: Order Divergence of SynER1 (top) and SynER4
(bottom) with different linear proportions and sparsity.

e CaPS performs better for both sparser (SynER1) and denser (SynER4) graphs under almost all linear proportion in SHD, SID and F1.

* Compared to other ordering-based method, CaPS consistently has the best or a competitive order divergence.
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Experiments — Larger-scale datasets & actual-time cost

l’rop.|Metrics‘ NOTEARS COLEM GraNDAG CAM  VI-DP-DAG SCORE DiffAN DAGu-L  DAGu.-N CaPS
SynER1 (d=20)

1.0 SHD | 174x1.7 152%1.8 5.3x1.2 14208 1232+49 14408 62437  23.6£20 18326 0.8+0.4
* 0 SID | 81.2+16.1 8104226 18.6£7.7 8.4+6.1 334473 54432 3164175 63.3+235 46.64228 34428

! SCORE F1 27.0£11.1 41, 9  82.0#£6.3 955426 184421 965423 799+11.4 44.0+10.8 56.846.6  98.1+1.0

Cal’3 CAM SHD 14.8+1.6 142420 53209 3.4+13 1184474 04404 46420 18.0+1.6 19.3+32 1.2+1.1

. ¥ 0.25( SID | 73.8+143 7804217 32.0498 1824100 56.8423.9 3.8+£7.6 322+150 39.0£2.1 64.0£339 7.6£10.2

F1 | 44157 439£127 79.8+6.0 871354  164+3.1 98.6t1L8 81985 615:37 52.6:102 96.0+3.9
SHD | 10817 10.0£1.6 9.6£2.6 54426 1254483 46439 6626 25366 27.0:50 42430
0.5 | SID | 56.6£133 53.6+16.9 633:21.6 21.0:9.5 852200 17.24133 2424125 723%37.0 40.6+9.7 17.0+114

GraNDAG F1 | 64175 643+84 66261 814267 112422 877499 78.8+09.1 50.6£7.6 512302 94.9+d.6
NOTEARS GOLEM i SHD | 8.8+1.7 78429  166+33 102426 1196473 38423 90433 216102 263x12  1.6+L6

0.8 1

® 0.75| SID | 466104 45.6321.6 6765104 ST2EIES 8342442 1742136 4165133 4933365 566433 118£109

i FI | 725543 7143110 434=13.6 63.1:107  138+4.9 882:44 709:67 56.1+169 48.5:20 94.9+46

o 0.6 o SHD | 7008 4414 183:04 128229 1192x82 62x20 9.8:17 270882  263:09  2.0£22

= DAGuerreol ype-N 1 | SID | 4182122 746565 6025200 84.6x354 30.6x22.6 34.8+58 5168257  64.6:67 124121

2 F1 | 786246 405482 5555124 14.0x47 80444 69.6£43 519586  463:0.5 93760

— DACuerreotype-T. Training time| 6.7+0.6  36.7+0.7 990.1£939 327.745.7 343.1x110.6 29.8£12 80.9+1.0 332426 454426 158233
= 0.4 SynER1 (d=50)

SHD | 43.0x48 30847 26.6£77 52428 795.2%295 6.6x3.0 17.0+34 063x139 563:62  7.2x44

0 | SID 28121143 270.4294.0 173.3£77.6  25.2¢7.7  198.6£79.5 24.8£13.2 105.8+55.7 262.0£137.3 168.3£50.0 56.6249.0

FI | 27565 343261 601124 94321  69x1.1 032#30 77836 345330 524304  914x6.2

SHD | 380£60 32.6£7.3 300249 122:08 806.4%178 120835 168+3.5 08.6x16.7 676202 11418

0.2 4 0.25| SID [248.0+109.4 254.6594.5 168.6+28.7 63.2441.2 297.8480.9 79.2+18.6 109.0451.9 204.0+1309 195.3+94.4 68.4%18.6

VI-DP-DAG F1 40.7£10.6  485+11.4 5844102 B84.7+10.5 57451 844454 T68+4.0 32.5+3.6 475424 85.7+3.3

SHD | 208843 274519 256469 164279 816.6£355 120455 208447 940:106 803295 11444
. SHD | 268426 232433 376457 264488 780.6+262 118443 194423 856474 10308277 8.243.0
b t f I 0.0 ——— — T T ——— T 075 | SID | 19064864 190.8+77.2 26764788 146.0£58.3 303.6£1109 532419.5 0404400 224.0£1042 16534782 35.8+18.2
es per ormance In arge r- 10! 102 109 F1 64.8437 46.2+10.5  66.0:7.9 57407 854450 759429 411208 404:49  90.0£3.9

. . Training time (seconds with log) 1| SID | 13124647 139.2450.1 258.3498 3 214441 8.5 344.4£165.1 69.8+42.9 102.8267.9 152.6+44.7 198.6299.1 36.8+21.8

Scale Ca u Sal gra p h Wh | Ie |ts Lo F1 | 774256 72370 47.2435 581209 56209 86.6:57 742664 40.0:13 346517 923335
’ Training time| 206465  40.120.4 3.1k:02k 23kl8k 322.6:187 13ke384 13ke59.9 TLSE26  89.1389 31984988

. .
P I h 0. S 201.4+113. .6+57 . 048 046, W6£75.7 65.2+48.2 8482 3+175. .6£117. 847
CaPS consistently achieves I [Siier tes 61130 T0s0s 6307 Bseron 2hets WS 4153 865e5d
SHD 18.2+2.9 18. 5 40.0+£1.6  34.0+11.8 782.8+£352 102449 212472 94.0+114 1203466 62+2.8

time cost is competitive. iy g SR G100

SHD 62422 3.0:14 0811 39.0+12  06£12 2618 12633 11.0:1.6  0.4x0.8

0.8 0 | SID 244144 T6:62 06512 146356 06:12 108119 86:36  92:42  0.6x12
&7 DiffAN i F1 36,3242 78.8£9.5  95.9%6.]  222+42 968+63 79.6+134 48163  527#74  97.8xd4

o SHD 6.4%2.]  33xl8 26822 394325 L6xl3  26x18 9326  92:24 1012

0.25| SID 230150 113230  7.2#17 134363 42#39 122121 93247 120860 2228

CraNDAC F1 36.04227 68.8+63 79.0£154 20.6+92 86.6+124 T8.8+149 507£10.2 52551 93382

NOTEARS SHD 50418 4312 38+27  394+13  28+16 38409  113x16 122416  2.0:08

0.6 - 05 | SID 158588  13.6:20 166142 1465106 82489 122446 116:30  112:8.1 32419

] F1 5414172 56.5+10.0 67.3#224 20.7+157 786497 64.5+108 428+39  44.8+67  86.8:5.1
5] COLEM SHD 52429 5320 1804  39.6+22 22+11  36x2.1  9.0+24 11016 1408
2 s 0.75| SID 18.0£16.1 163+1.6  S58+40  17.6:109 76:66 100469 43xdl  60:21  6.2:62
- DaAGuerreotype-N F1 5614256 49.5+12.1 83.5:43 199449 SLIxlL1 703+125 605:69 S50.1:7.6  89.3+6.9
Ir, SHD 44426 73+47  22¢14  400:21 18:09 3219 106236  133£20 1207
0.4 1 1 | sip 17.0£165 166+6.0  9.6+579  18.0£104 9.0+6.1 106465 50845  60:21 5666

F1 61.54233 43.5£17.6 77.2%15.6 185478 79.9+11.0 71.2+105 545:11.1 447389 902467

DAGuerreotype-L

322413 47154337 99404 15114339 4.0£09 333420 36.5+42.6 34937 3.5+0.7
SynER1 (n=5000)

.24 SHD 6.4+1.0 5.6+1.2 0.3+0.4 0.0£0.0 37.8+£1.5  0.6£04  2.8+1.8 3.6£1.2 3.0£0.0 0.4+0.8
[ SID 19.449.2 18.0+9.8 1.3£1.8 0.0£0.0 8.4+7.8 24419 108487  6.33+3.8 4.3+4.7 0.6+1.2

Training time|

VLDP-DAG F1 506£5.7 977:3.0 100200 266555 032455 TAILIRS TLE£133 806426 968463

SHD 52416 L0S08  06+08 390410 20406 30425 30616 30:21  0.0:0.0

0.25| SID 1642112 3.6:2.6 22427 118271 60828 118207 80843  60:21 00200

0.0 F1 ST3%12.5 910563 946265 202638 SLIS6T 7515195 70.2£199 SL0:107 10000
. T > T SHD | 54418 54322 20408 16610 394504 46b16 44436 23612 43:32  14x10
10* 10? 104 05 | SID 1644114 63512 22627 166280 140864 1242111 53:16 66212 54457

. . . F1 5404176 815471 841:09 208:17 6204149 6814239 783482 731:108 817476

Training time (seconds with log) SHD 48430 46518 62429 398417 54426 60426 56433 60428 22420

0.75| SID 1724161 150421 208495 194+111 142469 1724121 8.0£49 44228

Fi 3:F1 d traini ti f SYnER1 with | | I h F1 5684269 S48EI7.0 486£252 192660 625:145 5644228 654:145 643:116 $4.0£108
gure o: Score and training time ot syn Wi arger-scale causal grapn. SHD 48824 90435 62416 404413 66437 62422 53428 56:36  34:19

1 SID 9.04+8.6 18.4+14.9 20.345.1 17.0£8.7 22.0£8.2  17.0469 17.849.6 4.3£1.8 4.6+0.9 10.243.5
F1 77.5+68 56.1420.4 35337 48.5+193 17.0£4.7 52.3£14.0 48.6+£21.5 69388  69.2+14.7 74.7+10.6

T\'ainingﬁme‘ 39+0.6 327406 551.1+90.5 55.7#1.1 458.5+194.5 14.3+0.8 4244135 655333  36.6#2.7 15004
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Dataset | Sachs | Syntren

Metrics | SHD] SID| Fit | SHD| SID| F11
NOTEARS 12.0+0.00 46.020.00 0.387+0.000 33.944.57 192.8+54.73 0.164+0.085
GOLEM 17.0+£0.00 44.020.00 0.421+0.000 43.7£10.72 177.4+£56.55 0.163+0.066
GraNDAG 13.2+0.75 54.0+1.10 0.373+0.064 20.5+6.45 155.3+58.11 0.344+0.104
CAM 12.0£0.00 55.0£0.00 0.444+0.000 38.0£5.59 178.6+44.56 0.223£0.099
VI-DP-DAG 42.6+1.36 40.0+5.66 0.340+0.037 182.6+4.29 144.3+35.00 0.069£0.039
SCORE 12.0£0.00 45.00.00 0.444+0.000 37.5%4.20 197.1£63.71 0.183+0.091
DiffAN 12.2+0.98 46.2+6.18 0.434+0.078 44.1+8.29 188.7+£55.16 0.191£0.095
DAGuerreotype 17.9+£0.54 51.420.49 0.118+0.034 87.9+£9.60 157.7x48.90 0.125+0.047
CaPS 11.0+0.00 42.020.00 0.500+0.000 37.2+5.04 178.9+55.58 0.230+0.072
w/o Theorem 1 17.0+£3.50 54.0+3.40 0.257+0.061 51.6+8.82 180.0+66.80 0.218+0.090
w/o Parent Score 12.0£0.00 45.0£0.00 0.444+0.000 34.8+£3.37 188.0£57.58 0.2224+0.083

Syntren: Legal topological ordering:

Ty, Xq

1

TT,. x1

Tg: X1, X4, X3
—e
useful

Figure 4: Example of the Syntren dataset.

useless

* Inreal-world datasets, CaPS achieves the highest SHD and F1 scores on Sachs and the second best F1 on Syntren.

* The pattern of Syntren is not friendly to ordering-based methods, since it is a special dataset containing many star networks.

However, CaPS achieves the best performance compared to other ordering-based methods.
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Experiments — Acceleration & Visualization
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SynERI1-L (d=50)
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The acceleration percentage  synERI-T (d=20
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78.79%
74.88%

)
of pre-pruning becomes  SynERI-N (d=20) 16.86%
more significant when the  syER4L (a=10)
number of nodes d grows. SynER4-N (d=10) {10 6.45%
SynER1 L (d=10) ] 20.87%
SynER1-N (d=10) 1 19.35%
0 10 20 30 40 50 60 70 50

The parent score captures
most of the ground-truth
edges and the estimated
weights are similar to the
actual values.

Acceleration (%)
Figure 5: Percentage of acceleration using pre-
pruning.
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Figure 6: Visualization on SynER1 dataset. Darker colors indicate stronger causal effects.

Create Knowledge and Serve Society. (%,117&8—.

ZEHHA)

Central

South University



Ordering-Based Causal Discovery for Linear and Nonlinear Relations

Zhuopeng Xu, Yujie Li, Cheng Liu, Ning Gui*
Central South University

Linear and Nonlinear Challenge

in Causal Discovery

Causal discovery uncovers causal relationships within data by modeling a
Directed Acyclic Graph (DAG) connecting various variables. Existing
approaches normally limit their discussions to distributions with either pure
linear or pure nonlinear relations. However, real-world data often contain
both types of causal relations and run against their basic assumptions.

Linear

o

Nonlinear

Z

DAG

© | - E———
S | :

Pl Leaming £, [ 2
x| x| x| X Linear model } Mia
?
‘om0 00 o m
| Cars | v (Nonlinear) Linear proportion (Linear)

Real-world data (linear / nonlinear / mixed)
« Linear model, e.g., GOLEM - Nonlinear 1 = Performance |
+ Nonlinear model, e.g., SCORE -  Linear 1t - Performance |
« Our model, CaPS > Consistently work well

We don't know whether the real-world data is linear or nonlinear.

Overview of CaPS:

Topological Ordering

Leaf Nodes Discrimination

(Using Theorem 1) R

Parent Score
(Decoupling from Theorem 1)

Stage 1: Estimate topological ordering

& CaPS: Causal Discovery with Parent Score

e

*“NEURAL INFORMATION
... PROCESSING SYSTEMS
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A novel ordering criterion for leaf nodes discrimination.

Sufficient conditions for identifiability without any assumption of causal relations

(i) Non-decreasing variance of noises.

Conditions (i) and (ij) are two different identifiable scenarios, and CaPS only

(ii) Non-weak causal effect.

needs one of them to be satisfied. (see Assumption 1 for more details)

Theorem 1. Let s(x) = Vlogp(x) be the score and let diag(-) be the |

diagonal elements of the matrix. For any x; in the causal graph G:

9s(x)

Jj = argmax(diag(E ox

])) = x; is a leaf node

i fully connected DAG ——  Pre-pruning — CAM Pruning — Edge Supplement —~

Stage 2: Post-processing of fully connected DAG

A new metric to approximate the average causal effect.

A new metric, parent score, is introduced to reflects the strength of the average
causal effect of a given parent. This metric can be obtained directly by
decoupling from Theorem 1 without any additional computational complexity.

Parent Score.

0, xj € pa_i (x)

1 _[(af 7
U_.'ZIE[(K (pa,(x))) } X; € pa;(x)

___ Pre-pruning. Remove the low-confidence
—

edges and reduce the searching space.

Predicted
DAG

4

v - ’ . ) ) R - %,
. " " %,
We need a method that works well in both linear and nonlinear and Under the sufficient conditions (i) or (ii), the topological ordering is identifiable by % 3 e T o
iteratively eliminating the current leaf node using Theorem 1 . Edge: Supplement. Use: high-confidence
most possibly mixed cases. Y 9 9 . - ‘
parents to supplement the edge.
Experimental results — QR code —
10 2 10 Dataset Sachs | Syntren
@ - B Metrics SHD | SID FI1t | SHD, SID, Fit L .—I
In our manuscript, we discussed the NOTEARS | 4602000  0387£0.000 | 3398457 192825473 0.16420.085 En’ﬂhm
GOLEM 44.020.00 0.421£0.000 | 43.7£10.72 177.4£56.55 0.16320.066 . '
- S o performance of CaPS under different GrNDAG | SHL0:110 037380064 | 2654645  15S3sS811 034420104 % '-[t
" 10 scenarios, e.g. CAM [ 5504000 044430000 | 3804550 178654456  0.223:0.099 ""_ @ P .':'
= / VI-DP-DAG 40.045.66 0.340£0.037 182.6+4.29 144.3£35.00  0.069£0.039 r- .l‘.
2 s =K, 02 . SCORE | 450000 034430000 | 37 197.1263.71  0.18320.091
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(b) SynER1 with 20 (left) nodes and 50 nodes (right) under 0.5 linear proportion

while its time cost is competitive.
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