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Background - Causal Discovery with Observational Data
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Causal discovery uncovers latent causal relationships within data by modeling a Directed Acyclic 
Graph (DAG) connecting various variables.

Input: data with 𝑛 samples and 𝑑 features

Output: DAG with 𝑑 nodes

By observation only

Without any intervention



Motivation - Linear and Nonlinear Challenge
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• Existing approaches normally limit their discussions to pure linear or nonlinear relations, which will suffer
significant performance loss when their assumptions mismatch.

• Since we don’t know whether the real-world data is linear or nonlinear, it is difficult to choose an effective
model. Thus, we need a method that works well in both linear and nonlinear and most possibly mixed cases.



Preliminaries - Ordering-based Causal Discovery
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Input: 
data with 𝑛 samples and 𝑑 features

Output:
DAG with 𝑑 nodes

Stage 1:
Estimate topological ordering

Stage 2: 
Initialize DAG & Pruning

This two-stage strategy has been shown to have the capability to reduce the complexity of DAG 
discovery while keeping the acyclic constraint.



Methods – Topological Ordering (Stage 1 of CaPS)

自 强 不 息  厚 德 载 物C r e a t e  K n o w l e d g e  a n d  S e r v e  S o c i e t y . ( 知 行 合 一 、 经 世 致 用 ) C e n t r a l  S o u t h  U n i v e r s i t y

A novel ordering criterion for leaf nodes discrimination

Theorem 1. Let 𝑠 𝑥 = ∇ log 𝑝(𝑥) be the score and let 𝑑𝑖𝑎𝑔(∙) be the diagonal elements of the matrix. For any

𝑥𝑗 in the causal graph 𝒢:

𝑗 = argmax(𝑑𝑖𝑎𝑔(𝔼
𝜕𝑠 𝑥

𝜕𝑥
)) ⇒ 𝑥𝑗 is a leaf node

Proof.  See section 4.1 and appendix A.2 in our manuscript.
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Iteratively remove current leaf node and estimate the 
expectation of the diagonal of the score’s Jacobian
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(ii) Non-weak causal effect.

For any non-leaf nodes 𝑥𝑗, σ𝑖∈𝐶ℎ(𝑗)
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Methods – Topological Ordering (Stage 1 of CaPS)
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Two identifiable scenarios

In this paper, we give two sufficient conditions for causal identifiability without any assumption of causal
relations, i.e., linear or nonlinear assumption.

(i) Non-decreasing variance of noises.
For any two noises 𝜖𝑖 and 𝜖𝑗, 𝜎𝑗 ≥ 𝜎𝑖 , if 𝜋 𝑖 < 𝜋(𝑗).

Conditions (i) and (ii) are two different identifiable scenarios, and CaPS only needs one of them to be
satisfied. (see Assumption 1 for more details)

𝑥2 𝑥3 𝑥1𝑥4 , , ,

𝜎2 𝜎3 𝜎1𝜎4 ≤ ≤ ≤noises:

features:

𝑥2𝑥4

Causal effect ≥ Lower bound



Methods – Parent Score (Stage 2 of CaPS)
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, 𝑥𝑗 ∈ 𝑝𝑎𝑖(𝑥)

0, 𝑥𝑗 ∉ 𝑝𝑎_𝑖 (𝑥)

A new metric to approximate the average causal effect

• Can we utilize some of the information hidden in Theorem 1 for further post-processing?

Parent score is introduced to reflects the strength of the average causal effect of a given parent. This metric can be
obtained directly by decoupling from Theorem 1 without any additional computational complexity.

Pre-pruning. Remove the low-confidence edges
and reduce the searching space.

Edge Supplement. Use high-confidence parents
to supplement the edge.

Theorem 1. Parent Score.
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Pre-pruning CAM pruning Edge Supplement

\ \ \



Experiments – Different linear proportion & Order divergence  
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Figure 1: Results of SynER1 (top) and SynER4 (bottom) with different linear proportions, where linear proportion equal to 0.0 means

all relations are nonlinear and 1.0 means all relations are linear.

• CaPS performs better for both sparser (SynER1) and denser (SynER4) graphs under almost all linear proportion in SHD, SID and F1.

• Compared to other ordering-based method, CaPS consistently has the best or a competitive order divergence.

Figure 2: Order Divergence of SynER1 (top) and SynER4

(bottom) with different linear proportions and sparsity.



Experiments – Larger-scale datasets & actual-time cost  
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Figure 3: F1 score and training time of SynER1 with larger-scale causal graph.

CaPS consistently achieves
best performance in larger-
scale causal graph while its
time cost is competitive.



Experiments – Real-world Datasets
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• In real-world datasets, CaPS achieves the highest SHD and F1 scores on Sachs and the second best F1 on Syntren.

• The pattern of Syntren is not friendly to ordering-based methods, since it is a special dataset containing many star networks. 

However, CaPS achieves the best performance compared to other ordering-based methods.

Figure 4: Example of the Syntren dataset.



Experiments – Acceleration & Visualization
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Figure 5: Percentage of acceleration using pre-

pruning.

Figure 6: Visualization on SynER1 dataset. Darker colors indicate stronger causal effects.

• The parent score captures
most of the ground-truth
edges and the estimated
weights are similar to the
actual values.

• The acceleration percentage
of pre-pruning becomes
more significant when the
number of nodes 𝑑 grows.
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