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Score-Based Diffusion and Denoising Oracles

Forward SDE (data — noise)
dx = f(x,t)dt + g(¢t)dw —)@

dx = [f(x,t) — ¢*(t)Vx logpy (x)] dt + g(t)dw —@

Reverse SDE (noise — data)

Score-Based Generative Modeling through Stochastic Differential Equations, Song et al. (2021)



Score-Based Diffusion and Denoising Oracles
Forward SDE (data — noise)
x(0) dx = f(x,t)dt + g(t)dw —>@

: | core ftlon
dx = [f(x,t) — ¢*(t)Vx log p; (x)| dt + g(t)dw —@

Reverse SDE (noise — data)

By Tweedie's formula, the time-dependent score along OU (or Heat) semigroup is
equivalent to denoising oracle

DO,(y,t) = E[X|y =X+1tZ, where X ~ n,Z ~ /¥ (0,1))

Score-Based Generative Modeling through Stochastic Differential Equations, Song et al. (2021)



Score-Based Diffusion and Denoising Oracles

Forward SDE (data — noise)

x(0) dx = f(x,t)dt + g(t)dw —>@

score function
dx = [f(x,t) — ¢*(t)Vx logp: (x)| dt + g(t)dw —@

Reverse SDE (noise — data)

By Tweedie's formula, the time-dependent score along OU (or Heat) semigroup is
equivalent to denoising oracle

DO,(y,t) = E[X|y =X+1tZ, where X ~ n,Z ~ /¥ (0,1))

Viewing the learned diffusion model or denoising oracle as a prior, how can we
leverage it to sample from the posterior?

Score-Based Generative Modeling through Stochastic Differential Equations, Song et al. (2021)



x ~ p(z|y) o< p(y|F (z))Pprior (T)

Existing works (see arXiv:2410.00083 for a recent survey):

(DPS, DMPS, NGDM, LGD, etc, inexact
even for denoising problem or Gaussian mixture prior)

Variational inference (RED-Diff, Score Prior etc, )

Combined with Sequential Monte Carlo/Particle Filtering/Plug and Play
( )



x ~ p(z|y) o< p(y|F (z))Pprior (T)

Existing works (see arXiv:2410.00083 for a recent survey):

(DPS, DMPS, NGDM, LGD, etc, inexact
even for denoising problem or Gaussian mixture prior)

Variational inference (RED-Diff, Score Prior etc, )

Combined with Sequential Monte Carlo/Particle Filtering/Plug and Play
( )

How to transfer the power of diffusion model/denoising oracle prior to sample
posterior,



Given time-dependent score for OU  dX; = —X,dt + v2dW,, Xy ~ 7 (prior)
y=Axr+o0e, x~m, e~y >0

Target posterior:
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Given time-dependent score for OU  dX; = —X,dt + v2dW,, Xy ~ 7 (prior)
y=Axr+o0e, x~m, e~y >0

Target posterior:
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when (@ « Id the task seems ‘compatible’ with the denoising oracle.

., 1 _ _ .\ d .
T* = 5log(1+a2), g=ec¢ 'y = p|y) =p(Xo|Xr- =7)



Given time-dependent score for OU  dX; = —X,dt + v2dW,, Xy ~ 7 (prior)
y=Axr+o0e, x~m, e~y >0

Target posterior:
1 T T . - LT LT
Vocw(a?)exp{—ix Qr+x b} := , WlthQZ;A A,bz—;A Yy
when (@ « Id the task seems ‘compatible’ with the denoising oracle.
., 1 . _ .\ d .
Tr=Zlog(l+0%), j=e"y = pa[f) = p(Xo|Xr- =)

We can
to get the exact posterior



Consider a quadratic tilt
1
x 7 () er><p{—5:vT r+z' b}
Qi =20+Q)Q:, Q=0
by = (I + 2Q¢ )by , bo =0

Assume t < T™* such that the ODE is well-defined
on [0,¢]. By initializing X; ~ v, and run the reverse SDE from ¢ to 0, we have
X ~ v, for s € |0, t], specifically, X, gives the desired posterior.
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Assume t < T™* such that the ODE is well-defined
on [0,¢]. By initializing X; ~ v, and run the reverse SDE from ¢ to 0, we have
X ~ v, for s € |0, t], specifically, X, gives the desired posterior.



Given a baseline sampling algorithm Alg and starting
time T'= T* — € (for stable ODE solutions), the tilted
transport works in ;

Use the baseline sampling algorithm Alg to sample

1
X from ﬂT(x)eXp{ — EXTQTX + beT}

Run the original reverse SDE from Tto0to get the
desired sample
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Intuition for Easier Sampling

Equivalent posterior sampling: vy |y (x ]

eXp{—ngth +xz'b)}

1

easier prior

easier likelihood

same reverse SDE
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Provable Sampling

Theorem (Strong Log-Concavity of vy) For £ > 0, let x¢(7) 1= sup,cga [|Cov[Ter, t27]||lop
denote the susceptibility of m, and let K = Apax(Q)/Amin(Q) denote the condi-
tion number of (). Then vy« is strongly log-concave if

K

X|@)(m) < HQHJle — -

Sufficient condition relates
1. prior susceptibility

2. signal-to-noise ratio

3. condition of measurement



Provable Sampling

Theorem (Strong Log-Concavity of vy) For £ > 0, let x¢(7) 1= sup,cga [|Cov[Ter, t27]||lop
denote the susceptibility of m, and let K = Apax(Q)/Amin(Q) denote the condi-
tion number of (). Then vy« is strongly log-concave if

K

X[ (m) < HQHJplﬁ —

Sufficient condition relates

1. prior susceptibility low-SNR ._
2. signal-to-noise ratio regime: v ~ 7
3. condition of measurement |

 Efficient
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Denoising-type: efficient 10|
at any SNR level
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Provable Sampling for Gaussian Mixtures

Corollary (tilted transport for Gaussian mixtures) Let m = uxvys and diam(supp(u)) <

R, then vp« is strongly log-concave if (SNR := A\pin (Q) = Amin(A4)?/0?)
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Imaging Problems

Original Degraded DMPS DMPS from Boosted Original Degraded DMPS DMPS from Boosted

inpainting deblur



