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Abstract

Sparse ridge regression problems play a significant role across various domains. To solve sparse
ridge regression, [ 1] recently proposes an advanced algorithm, Scalable Optimal K-Sparse Ridge
Regression (OKRidge), which is both faster and more accurate than existing approaches. However,
the absence of theoretical analysis on the error of OKRidge impedes its large-scale applications.
In this paper, we reframe the estimation error of OKRidge as a Primary Optimization (PO) problem
and employ the Convex Gaussian min-max theorem (CGMT) to simplify the PO problem into an
Auxiliary Optimization (AO) problem. Subsequently, we provide a theoretical error analysis for
OKRidge based on the AO problem. This error analysis improves the theoretical reliability of
OKRidge. We also conduct experiments to verify our theorems and the results are in excellent
agreement with our theoretical findings.

Sparse Ridge Regression (SRR)

In this paper, we are interested in addressing the following k-sparse linear regression problem
with additive noise:

y =XB"+e with [|7[lo <k, (1)

where 8* € R? represents the “true” weight parameter, X = (1,29, ,Tpn)! € R7X4 js
the input measurement matrix, y = (y1,42,--- ,yn) € R™ is the real output responses, € =
(e1,€2,--- ,en) | € R™is the noise vector, k € ZT specifies the maximum number of nonzero
elements for the model, || - || denotes the number of nonzero elements of the given vector.
Moreover, the entries of X are drawn i.i.d. from N(0, 1); the entries of € are drawn i.i.d. from

N(0,0%); and we assume % is a constant and limg_, @ =0 € (0,1).

The formulation (1) represents a black box model where 8* is fixed. Given X and y, to determine
the target vector B*, the most basic method is solving the following k-Sparse Ridge Regression
Optimization (k-SRO), as outlined by [1]:

min [ly = XBllz + A6l st (1Bl <k, 2
where X > 0 is a regularizer parameter, and || - ||o denotes the Euclidean norm. Our paper

focuses on the worst-case scenario ||8*||op = k. This k-SRO is different from the traditional
ridge regression due to the constraint of k-sparse structure for 8. The k-SRO problem (2) is
NP-hard, and is more challenging in the presence of highly correlated features.

The Convex Gaussian Min-max Theorem (CGMT)

Definition 3.1[GMT admissible sequence] The sequence {G’<d),g(d), hld). S,l(,,d), Sl(bd), w(d)}deN in-
dexed by d, with G(@) € Rnxd g(d) ¢ g p(d) ¢ Rd S\ - gd gl - gn y(d) . 5ld) o sld) _, R

and n = n(d), is said to be admissible if, for each d € N, 8,5,@ and S,f,d) are compact sets and (@) s

continuous on its domain. Onwards, we will drop the superscript (d) from G@). g(d), h(d)

A sequence {G(d),g(d),h(d), S,,g,d), Sfbd), w(d)}deN defines a sequence of min-max problems

(@)= min max u' Gw + D (w,u), (3)
weS,,g,d) ueSde>
0 D(g,h) = min  max |[w]og u+ [ulshTw + D w,u). (4)
wESfUd> uesffl)

Importantly, the formulation (3) is called Primary Optimization (PO) and the formulation (4) is
called Auxiliary Optimization (AO). Based on the GMT admissible sequence and the notation
introduced above, we present the CGMT below.

Theorem 3.2 [CGMT|[2]] Let {G<d>,g(d>,h(d), S,,(,,d), SQ(Ld), w(d>}d€N be a GMT admissible sequence
as in Definition 1, for which additionally the entries of G, g, h are drawn i.i.d. from N(0,1). Let

®(d) (G), Hld) (g, h) be the optimal costs, and, wgi) (G), wgbd) (g, h) the corresponding optimal mini-
mizers of the PO and AO problems in (3) and (4). The following three statements hold

(i) Forany d € Nand c € R,

IP’(CD(‘Z)(G) <c) < ZIP’(gb(d)(g,h) < ¢).
(i) Forany d € N. If S&d), Sf,,d> are convex, and, w(d)(o, 1) is convex-concave on S&d) X S,L(td), then, for
any 1w € Rand t > 0,

P(|0'G) — ul) > t) < 2P(|¢\ (g, k) — p]) > 1).

(iii) Assume the conditions of (ii) hold for all d € N. Let || - || denote some norm in RY. If, there exist
constants (independent of d) k*, o® and T > 0 such that

(a) ¢'D(g,h) - K*, (b) IIng)(g, h)|| — o, (c) with probability one in the limit d — oo

(00 wig.h) > 5Vg.h) + (] — w"(g.h))" v < S},
then,
g (@) o ”

The OKRidge Method for solving SRR

The Error Analysis for OKRidge

In order to rapidly solve k-SRO problem (2) while ensuring solution optimality, [1] introduces a
highly efficient method called OKRidge. Specifically, the optimization (2) can be relaxed as:

d
rgig[ﬁ?%%dele(ﬂ,z), sty 2z <k, z€l0,1], (6)
) ]:1

2

where L?%dgdele(ﬁ,z) = |ly — XB||3+ ) Z;'i:l,zﬁéo % We define a new function £(B) as:

d
L(B) = mzmcﬁgj%de'e(ﬂ,z), st. Yz <k, z€0,1] (7)
j=1

For any B, L(B) serves as a valid lower bound for problem (6). Then, we choose z such that
this lower bound L(8) is tight.

Theorem 4.2 The function L(B8) defined in Equation (/) is lower bounded by

L(B) > |ly — X B3 + ASumTopy,(B © B). (8)

where ® Iis Hadamard product, and Sumlop,.(-) denotes the summation of the largest k elements of
a given vector.

If we define
LokRridee(B) = |ly — X B||5 + ASumTop,(B © B),

OKRidge solves k-SRO problem (2) with

min LokRidge (B) (?)

So far, we transfor;m the constrained k-SRO problem (2) into thq unconstrained optimization
problem (9). Let B = argming LokRridge(B), OKRidge regards B as the estimation of 8% in

problem (1). Next, we apply CGMT to analyze the error HB —,B*H% for OKRidge by transforming
the optimization (?2) into a PO problem.
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Based on (2), the estimation error of OKRidge can be obtained by normalized AO problem:

1 =
in— || Xw — €3+ ASumT : ) 10
n%n\/ﬁ_n w — €[5 + ASumTopy ((w + B*) © (w + %)) |, (10)
where w = B — B%, and the estimation error can be measured by ||lwl|2. Subsequently, we

transform the optimization (10) into PO (11) about the error of OKRidge, using the Fenchel-
Moreau theorem.

2
mgx% [uTX'w —u'e— Hug# + ASumTopy ((w + B*) © (w + ,B*))} , (11)

Then, we employ the CGMT framework to substitute the complex PO problem with a simplified
AO problem (12) that only involves two scalar variables: o and n.
_ )\

' 24 02 — amy | D(Z) — T(n). 12
rgggglzlrém/a +o%—am [D() ~T(n) (12)

where a = ||lwl||2 and n = |lu||2. Finally, we present the following theoretical error analysis of
OKRidge based on the AO problem (12).

Theorem 5.2 Suppose B* is the true weight parameter of the problem (1), B is the optimal solution to
the objective function (?) of OKRidge, Dir) _, D(7) € (0,1), aNSE :=lim o ,,NSE =lim > ., =

n
5*“%/(;2, Define Amayp IS the solution of map(7) = 0 for 7 > 0, then, the estimation error of OKRidge

is given by the following probability limit:

lim aNSE -5 A(R), (13)
d—0

where A()\) = D

Numerical Experiments
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Figure 1. The change of NSE with 1/¢ for Figure 2. The change of NSE with A for OKRidge
OKRidge under different A\. The red curve at the under different o. TheA blue curve corresponds to
bottom corresponds to the case A = Ap.q. the real change of A(\). Here, Aest 1S the optimal

weight of the regularizer.
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