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Construction of Hybrid-DGMs:

Prior Knowledge: f, (X; // P) Simplified or Inaccurate

Hybrid Models: £1/p>.fv,3Zp-Zy]  Bridge the Potential Gap

X= FLfy, fr, 202,142

Po(X|2p.2y)= p\X=FL 7, £, 32,2, ])
Prior: p(z,)=N (Zp | Ups Gf»l),p(ZN)= N(z,0.1)
Hybrid-DGMs: p,(x.2,.2, )= p,(x|z,,2, )p(z,)p(z, )

Decoder:

Marginal Likelihood: Pe ”Pe X,Zp,Zy )dZ dz
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Observed data D = {X(Z) },-:1 generated from py (X,Z prZ N)

Goal: learn that satisfies P, (X) = Do (X)
No guarantee P, (X» LZp,Zy ) = Po (X> Zp, ZN)

DGMs with unconditional prior are unidentifiable

To recover 2,,Z,,

Hybrid-DGMs need to satisty:

~~/

V(H,g):pg(x): pg(x):> 0=0
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The corresponding parameters conditioned on
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Conditional Hybrid-DGMs:
Py (X9ZP9ZN): pH(X | ZpazN)p(ZP)pT,xg (ZN | DS)
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Learn-to-1dentify Hybrid-DGMs via Meta-learning

Dataset D = {Dm }n]\le with  different latent generated variables [Z psZ N]

k

D = {D,j; ,D? }, support samples D, = {xs’i }l.zl , query samples D! = {xq’i }jzl k<<l

Amortized Variational Inference:

qn(ZPlx)zp(ZP|X) Qg(ZN|XUDS)ng(ZN|X9DS)
ELBO:
M M
> Dlogple' D)2 3 X AE, (o, om0 Polx’ 12,2, )
m=1x9eD?
(2

m=1x9eD!
ki p|x)||p )-KL(g, (2 |x* U D )l p.(zy | D, )



Identifiability Theory:
Conditional Hybrid-DGMs with parameter (6, T,1_)

pgzﬁ(X’ZP?ZN): pQ(X | ZP9ZN)p(ZP)pT,xg (ZN | DS)
po(x|2p.2,)= (X~ FL S fy,20.2,])
L //
Pr,.. (ZN | DS) H QZ(( st)) eXp[T (ZNZ)T;\' ( S)]
Definition 1: DGMs w1th parameter 1s ~-1dentifiable 1f
v(g.8): p,(x)=p; ()= ¢~
Definition 2: The ~ equivalence relation on Hybrid-DGMs defined as follows:

(e,T,xg)~(§,T,'Xg)@ HA,c:T(FQ_I( )) AT( 51( ))+c for all x
< 3dA,c:[z,,Z,]|=A[Z,,Z,]+c,forallx

If A 1s invertible, we denote this relation by ~ -identifiable



Theorem:
Assume we observe data sampled from Py (X, Z,,Z N) with parameter ¢ = (9, T, lg)

Also assume the following holds:
(i) The set {x € X | p_(x)= 0} has measure zero, where ¢_ is the characteristic function
of the density p_ detinedin p (X—F|fp, fy 5Zp,2y])
(¢7) The hybrid mixing function F, = F' fp, fy ;2,2 ]1s Injective
(¢if) The sufficient function 7, ; are difterentiable almost everywhere, and linearly
independent on any subset of X of measure greater than zero

(iv) There exist ne + 1 distinct support samples D, D*', ..., D*" such that
ne x ne matrix L defined as follows 1s invertible

L=(. (D" )~ (D)....0 (D)2 (D))

Then after learning (maximum the ELBO),
the learned parameter  and the true parameter are~ -identifiable



Experiment: Synthetic Datasets
(1) Forced damped pendulum system governed by:

2
d qoz(t) + o sin(t)+ & _dgp(t) — Acos(27¢t)=0
dt ) [
ddgjz(t + o’ sing(t)=0
(2) Advection-diffusion system governed by:

or o*T .oT

Prior knowledge:

o ot  Os o
Prior knowledge: — —g — =
ot ot
(3) Double Pendlum system governed by:
ala] e e (ngbﬁﬁ: f;?j) mUARRALY Prior knowledge:
dt | ¢, - (m +1)(L1§b12¢2 —Gsing, + Gsingg) +L2§b22¢1¢2 m=1

Lz(ﬁi+¢22)



Baselines:
1. APHYNITY; 2.Hybrid-VAE

Proposed Method: Meta-Hybrid-VAE

Identifiable Results:

MCC evaluate — -i1dentifiable relation

between true parameters and learned parameter [ , ]
Forced Damped Pendulum Advection-Diffusion System
APHYNITY Hybrid-VAE Meta-Hybrid-VAE ~APHYNITY  Hybrid-VAE  Meta-Hybrid-VAE
MSEofzp |  696(0.01)e-2 4.14(029)e-2  1.59(0.07)e-2 1.9003)e-2  7.12(5.32)e-4  1.34(0.75)e-4
MCC 1 0.79(0.02)  0.59(0.03) 0.99(0.00) 0.98(0.01)  0.94(0.00) 0.99(0.00)

Double Pendulum
APHYNITY Hybrid-VAE  Meta-Hybrid-VAE

MSE of zp | 4.58(0.04)e-1  3.97(0.06)e-1 3.85(0.19)e-1
MCC 7 0.50(0.00) 0.51(0.00) 0.98(0.00)




Performance on reconstruction and prediction (generation) task :

Forced Damped Pendulum Advection-Diffusion System
APHYNITY  Hybrid-VAE  Meta-Hybrid-VAE  APHYNITY  Hybrid-VAE  Meta-Hybrid-VAE

MSE of x (Rec) | 5.2(0.01)e-2  2.66(0.03)e-2 2.91(0.06)e-2 6.22(0.41)e-3  4.90(0.75)e-3 2.93(0.22)e-3

MSE of x (Pre) | 2.37(0.67) 1.74(0.20) 6.85(1.11)e-2 8.25(0.58)el  8.53(5.72)e-2 5.63(1.34)e-3

Double Pendulum
APHYNITY Hybrid-VAE  Meta-Hybrid-VAE

MSE of x (Rec) | 4.88(0.00)e-2 4.05(0.25)e-2 3.83(0.06)e-2

MSE of x (Pre) | 1.29(0.23)el 5.52(0.06) 2.80(0.48)e-1
~——— Ground Truth —— APHYNITY ——— Hybrid-VAE —— Meta-Hybrid-VAE
= . Reconstruction ) = (ﬂ o . Generation . ) Reconstruction _COS tp] Generation
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Performance over longer time domains :

= Ground Truth — APHYNITY —— Hybrid-VAE —— Meta-Hybrid-VAE

= Ground Truth
—— APHYNITY
= Hybrid-VAE
= Meta-Hybnd-VAE

MSE
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Time Domain Time Domain Time Domain Time

Forced Damped Pendulum Advection-Diffusion System Double Pendulum Visualization Example

Out-of-distribution Performance :

BN APHYNITY B Hybrid-VAE B Meta-Hybrid-VAE
MSEof £, + Mcc T

ID 00Dz, 00Dz, D 0ODz, OODz,



Results of real world dataset-double pendulum:

Real Double Pendulum
APHYNITY  Hybrid-VAE  Meta-Hybrid-VAE

MSE of zp | / / /
MCC 1 / / /

MSE of x (Rec) | 3.78(0.52)e-2  2.20(0.14)e-3 2.67(0.34)e-2
MSE of x (Pre) |  5.16(0.69) 1.87(0.13) 2.88(0.34)e-2

Ground Truth ——— APHYNITY ——— Hybrid-VAE ~——  Meta-Hybrid-VAE
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Conclusion:

1. In this work, we propose a meta-learning based method to make hybrid-DGMs
achieve A 1dentifiable and provide the the corresponding theoretical and empirical
evidence 1s provided

2. Our experiments show that, with 1dentifiability, hybrid-DGMs can perform better
on many downstream tasks (like generation, long time domian predction and OOD).
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1. In this work, we propose a meta-learning based method to make hybrid-DGMs
achieve A 1dentifiable and provide the the corresponding theoretical and empirical
evidence 1s provided

2. Our experiments show that, with 1dentifiability, hybrid-DGMs can perform better
on many downstream tasks (like generation, long time domian predction and OOD).

Limitation:

While the meta-formulation foregoes explicitly observed auxiliary variable, it
does assume the ability to pair support and query samples from the same data
generation process, which is not always available..



