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Introduction

Observational count data Causal graph in online
shopping scenarios
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Task: How to learn the causal structure from the observed count data

Recent works: Poisson Branching Structural Causal Model (Qiao 2024). Poisson Bayesian Network
(Park and Raskutti 2015), Zero-Inflated Poisson Bayesian Networks(Choi, Chapkin, and N1 2020),
Ordinal Causal Discovery (Ni and Mallick 2022).



Poisson Branching Structural Causal Model (PB-SCM)
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(a) Causal Graph (b) Branching Structure
Each event contributes independently to the where a;; € (0,1] is the causal coefficient from X; to X;.

occurrence of its child event.
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Thinning operator “o” helps model branching structure.
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A toy example for the thinning operator, each X has a 60% chance of triggering an occurrence of an event Y.




Limitations of the cumulant-based method for PB-SCM

« Need for estimating 1. High computational cost
higher-order cumulants —
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. tain identifiability - _ ~ The causal relationships among
certain 1dentiiiabliity 1ssues @ / X1, X, and X5 are not identifiable
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2. Estimation bias

Why Do These Limitations Exist?

The A, (X i =X j) constructed by cumulant extract path information from entire graph and only enable
causal discovery when they reach the highest non-zero order.

Cumulant-based method can only leverage higher-order information



Probability Generating Function

Definition. Given discrete random vector X = [X;,...,X;]" taking values in the non-negative
integers Z=, the probability generating function of X is defined as:

o0

GX(Z) :E[Zf('l Zfd] — Z p(il?l,---,ﬂfd)z:fl "'ng;

T1,...,xq4=0

where p is the probability mass function of X and |z;| < 1.

The expectation form of the PGF doesn't provide any interpretable information.

Theorem 1 (Closed-form solution for PGF of PB-SCM). Given a random vector X = [X1, ..., X,,]
following PB-SCM, let z(;y = {z|l € Des(j) U {j}}, the PGF of P(X) is given by Gx(z) =

Hie[d] Gﬁz‘(z‘i X HjeCh(i)Gi,j (Z(j))), where

Gii(z() = GB(ai ) (Zj < eeony) Gj,k(z(k))) ,Ch(j) # 0
o GB(a; ;) (%) , Otherwise

in which G, (+) is the PGF of Poisson noise €¢; and G g(q, ,)(*) is the PGF of Bernoulli distribution
with parameter «; ;.
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The Closed Form of Probability Generating Function

Gx(z) = B[z 2225 °]

0<1,20f'1,3(1 - (1‘-‘2,3)?51 <273
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Fig.5 triangular structure.
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One term within the PGF E[Zflzé(z Z;(B]
of the triangular structure.
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Corresponding
branching structure.
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Each term in the closed form of PGF corresponds to a branching structure.




Discovery: Each term in the closed form of PGF corresponds to a branching structure.
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The PGF has a local property, allowing for the efficient identification of local structures.
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Specific local structures can be identified

lim Gy (zq,2,,23,24)

by verifying the existence of corresponding term in z,-0
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Focus on local structures, No need for high-order information



Discovery: Each term in the closed form of PGF corresponds to a branching structure.

!

Identifiability & Method: Specific local structure can be identified by verifying the
existence of specific items in PGF

PGF leverage low-order information to identify causal direction

« Certain identifiability issues (V) » High computational cost (/)
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g . 1 - Estimation bias ()
off

Browsing Add to cart Promotion Identify local structures without relying
W (XD (X2) (X3) ) on high-order cumulants, improving
\ estimation accuracy.

By checking whether the term
corresponding to X; = X, <« X3
exists in PGF Gy (24, 25, 23, Z4).



Experiments Result

Sensitivity Experiment Case study

Table 1: Sensitivity to Avg. Indegree Rate.

FIT SHDJ Table 3: Case studies of causal graphs with in total 3, 4, and 5 vertices, respectively. Red undirected
Avg. Indegree 2.0 2.5 3.0 3.5 2.0 2.5 3.0 3.5 1 : : . : :
o 071005 0BL-007 086005 085004 987109 B33 295 60165 5271139 efiges indicate _tha't adjgcency has been learped !3ut the direction cannot be determined, while red
Cumulant 0734003 0774002 0804004 083+0.03 | 1340+128 14.10+1.51 13.004+2.37 13.20+2.23 directed edges indicate 1nc0rrectly learned directions.
PC 060+0.17 0.62+011 054+012 060=012 | 9.90+345 11.80+248 15904391 16.10+3.21
GES 048+0.14 0.48+011 041+011 0372010 | 14.90+448 1950461 2590 +4.18 30.5+4.06
ocD 023+£0.22 0274023 0284016 0372014 | 1610+3.70 1940550 23.60 £4.62 24.30 £4.67 Causal Graph Cumulant GES OCD

POk

Table 2: Sensitivity to Sample Size.

FIT SHD]

Sample Size 5000 15000 30000 50000 5000 15000 30000 50000
Ours 075L009 0821004 086L003 0871004 1150334 927237 640L1.68 587 L125
Cumulant | 0.72£0.04 0.78£0.02 0.80£0.04 080£0.03 | 19.90+3.35 1500+1.41 13.00+£2.49 13.60 £2.63
PC 045+011 0544+011 054+0.13 066+0.09 | 1950430 1570£3.77 1590+4.12 13.00 £2.79
GES 0.39£0.10 0444020 041+0.11 043£022 | 23.70£4.14 2270 £7.85 2590+4.41 24.10+=8.84
OCD 0.30£012 0352018 028+0.16 038020 | 21.00£3.35 20.80 £4.57 23.60+4.62 2090574
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Table 5: Runtime of each method under the default setting.

Ours Cumulant PC GES OCD
Runtime (second) 7.94+0.75 77.07+4.94 500+1.35 6.90+1.86 9216+ 1368

Real World Experiment. we orientate in the local triangular structures Y1 LN
— Y2 — F Y2 — R — F and the local collider structure Y1 — S — R. i — Yo — R
\ /

As a result, Our method successfully identifies adjacent vertex Foul — Figure 4: Football Event

First Yellow Card and other six causal directions, which is consistent with Graph (F: Foul, Y;: Yellow
card, Y>: Second yellow card,

our theoretical result. R: Red card, S: Substitution)



Thanks!
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