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Regression under DP: The setup

(feature, sensitive attribute, label) ~ P on R? x [K] x R
X S Y

A randomized prediction function 7 : B(R) x R? — [0, 1]
» For any 7 define Yy s.t. Law(Yy | X =a,5 =s) =n(- | &) x € R% s e [K]

Risk: R(n) = E
d

Optimal fair estimator:

min{R () :supp(n(- | &)) = Y for x € RY, Uy(n,§) < e, for j € Y, s € [K]}

Main quantities:
> () CEY | X = a]
def . def
> p = (ps)sex], with ps = P(S = s)

> r(2) & (ry(@)) ek, with 74(x) EP(S =5 | X = @)



Proposed methodology

Assumption

Bounded signal: |n(X)| < B a.s.

Discretization: For every integer L > 0 and real B > 0, a uniform grid

o dof B(L —1) B B  B(L-1)
yL_{ B7 Tr"a 37073"‘7T7B

Entropic regularization: Rg(m) Lef R(m) + %E[\I’(TF( | X))

def ~ ~ .
> U(p) = > wg)log(u(y)) - negative entropy
jesupp(u)

Optimal discretized entropic-regularized fair estimator:
min{Rs () :supp(n(- | €)) = V5, for & € R%,
™

Uy(m,9) < e for §j € Yy, s € [K]}



Closed form expression of the solution

Lemma

Let t(x d:efl—m,rgm def n(x) — L 2,and)\g: Aes)s, Ve = (Vis)s. For
P L

L € N and 8 > 0 optimal discretized entropic-regularized fair estimator is given
by

was v+ (L | ) def o, (5(()\;, — vy, t(x)) — TZ’(m))e'e[[L]]) for £ € [L],

where A* = (A\},)¢,s and V* = (v}, )¢,s matrices are solutions to

Anggo{F(A,v) def [LSEﬁ ((w v, t(X) *”(X»zem)] + 3 +u14,e>} .
= ee[L]

F is convex and its gradient is (80?)-Lipschitz, where 02 =2 %.
sE[K] i



Main observation: Gradient of F is crucial

Parametric family: For any A,V >0

rav(l | z) % o (5 (Ao — vor, t(@)) — o (w))é,e[[L]]) for ¢ € [L]

Gradient mapping: For a > 0,

A, V) — (A, V) — aVF (A, V
6o Ay 2 AV) = (AV) 0P (A V),
a
Lemma
Let QdefQZse[K] L2 L €N, A,V >0, then for any a > 0,8 >0,

> Y (Us(rav. ) —e)d < Ga(A V)|

Le[L]s€[K]

> R(ran) < R(rasve) + (n(A,vm +a{o+ lel 2\5@\}) 1Ga (A, V)| 4 1251301




Post-processing algorithm

» Gradient of F:
Vo, F(A, V) = AE [w (5 (e — v, 8(X)) — W(X))j,:,L) tS(X)] + e
» Stochastic gradient of F":
90, (A, V) = Dare (B (A = ver X)) = rr (X)) ) 1(X) +e,
(where O € {\,v} and A =1if 0= X and A = —1 otherwise)

Controlled variance: E[|g(A, V) = VF(A,V)|* < 0?, where 0® =2 ) 122=.
se[K]

The algorithm
Input: L,T,5,p,B,n, T

Build uniform grid Y. over [-B B]

Set parameters: 02 = 2 Zse[K] b, M = Bo?

Set (A, V)~ F(A,V)

Run a black-box optimizer A(F, o2, M, T) to obtain (A, V)

Return: 7z v (- |-)

vVvyVvYyVvVvVYyvyy




Theoretical guarantees

For deterministic prediction:

R* def inf {R(h) sup |P(M(X) <t|S=s)—Ph(X)<t)< E,VSE [K]}
hRe—[—B,B] teR 2
Theorem
With € = (g5)se(r] € [0,1]%, 0% =2 3 1;”5, setting 8 = %2(7“) and L =T
sE[K] s

g EW[ S (s —65)1 <0(F (1+ F 1A vl))

Le[L]s€[K]
) (1+ 5 1A V) + &)

> Emay) <O (B [IA, V)2 + Lek
where E(74 ) Ly [R(WA,V)} - R"

» Extension to unknown n and 7: The guarantees still hold when
replacing n and 7 with their estimates 77 and 7 if we pay additional
price for estimation of n and 7.
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