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Convergence in classical smooth convex optimization

f*:=f(x*) = min f(x) > —00
x€R9
First-order methods: only use gradient information V£ (x).
® Gradient Descent (GD), Nesterov's Accelerated Gradient (NAG), etc.

® Widely used in machine learning.
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Global convergence theory:

® For L-smooth p-(quasi) strongly convex function, GD converges in
O(ﬁ log 1) iterations.
® [-smooth: ||V{(x) — VL(y)| < L||x —y|l.
® p-quasi strongly convex: f* > f(x) + (VF(x),x* — x) + &||x — x*||.
Acceleration:

® NAG can accelerate the rate to O(\/glog ).

® Dependence on condition number ﬁ is largely improved.
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Matrix factorization: nonconvex and nonsmooth

In ML, objective function can be nonconvex and nonsmooth.
Example: matrix factorization.

1
min F(X,Y) = Z|A- XYT|,
XERde,YER"Xd 2

® Low-rank: rank(A) = r < min(m, n), k = 7
® QOverparameterization: d > r.

® Nonconvex and not globally smooth: scaling and rotation w/o
regularization.
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Can we rigorously show GD achieves the same rate as AltGD?
Can NAG provably accelerate matrix factorization?
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Initialization and algorithms

Unbalanced initialization: Xy = cA®, Yy = 0, where ¢ > 0 is large,
® € R is a Gaussian random matrix.
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® |mportant for provable guarantee:

® Unbalance: scale of Xo much greater than Yy, dominating the dynamics.
® Sketching: Xp keeps the column space of A.

Denote residual R; = X;Y," — A. GD with step size 7:

{Xt+1 = Xt =Rt Ys,
Yt+1 = Yt — nR;l—Xt

NAG with step size n and momentum f3:

{Xt+1 = (1 + B)(Xt — nRth) - 5(Xt—1 —nRt_1 Yt—1)7
Yerr = (L+B8)(Ye = nRI Xt) = B(Yee1 — R Xe1).
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Main results

Theorem 1 (GD, informal)

Set c to be a large constant, then with probability at least 1 — e~Ol=r+l) Gp
finds |Rr||F < €||Al|r in T = O (d2(d —r+1)72%% - log %) iterations.

® GD has the same rate as AltGD.
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Main results

Theorem 1 (GD, informal)

Set c to be a large constant, then with probability at least 1 — e~Ol=r+l) Gp
finds ||Rr||r < €||Allr in T = 0O (d2(d —r+1)7%x% log %) iterations.

® GD has the same rate as AltGD.

Theorem 2 (NAG, informal)

Set c to be a large constant, then with probability at least 1 — e Old—r+1)
NAG finds ||Rr||r < €||Allr in T = O (d(d — r +1) " - log ) iterations.

7

® NAG provably accelerates convergence rate.

e Qverparameterization helps convergence.
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Extension to linear neural networks

1
i fIX,Y)==|IL— XY "D|>2.
XeRmxngjgeW (X,Y) 2H I3

® Data matrix: D € R™" rank(D) = = gigg )

® Label matrix: L € R™N, rank(L) = r. Assume L = AD, r(A) =

o(1).
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1. d>r—1+Q(logl), Xo=cL®, Yo =0, 6 € (0,1).
2.d>m—14+Q(log3), Xo=c®, Yo=0,6¢€(0,1).

® Previous width: Q (poly( :) - 7 (m+ log 5)) (Du'19, Wang'21, Liu'22)

Theorem 3 (LNN, informal)
With probability at least 1 — 6, NAG wzth init 1 and 2 converge in

T = O(d ‘iﬂh log = ) and T, = O(d il Iog—) iterations.

® Accelerated rate with less width: =~ rank or dimension.
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Numerical experiments

matrix factorization linear network

GD,d=5
AltGD,d=5
GD(1/L),d=5
GD,d=20
AltGD,d=20
GD(1/L),d=20
GD,d=80
AltGD,d=80
GD(1/L),d=80
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iteration iteration

Figure: Experiment 1: AltGD and GD (upper/lower triangle) performance
similar with the same step size, while changing step size (round) will
change the convergence rate.
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matrix factorization linear network
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Figure: Experiment 2: NAG (round) converges much faster than GD
(triangle) across different overparameterization levels.
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Numerical experiments

matrix factorization linear network
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Figure: Experiment 3: Initialize Yo = ¢ ®, with small ¢;. As long as
unbalanced, ¢, < O(c), the rate (slope) will be roughly the same.
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Conclusion

® \We show the convergence rate of Gradient Descent as a
baseline for matrix factorization under unbalanced
initialization. Such initialization is crucial for our analysis.

® Nesterov's Accelerated Gradient can provably accelerate the
convergence rate for matrix factorization, despite its
nonconvexity, nonsmoothness, and overparameterization.

® Extending the analysis to linear neural networks largely
improves the minimum width requirement.
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Thank You!

Link: arxiv.org/abs/2410.09640

Email: zhenghaoxu@gatech.edu
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