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Multiclass PAC learning

X feature space.
YV: label space, a set with || > 2 (|| can be infinite).
H C V¥ concept class.

Error rate of a classifier h : X — )Y under a probability
distribution P over X x V:

erp(h) = P({(a,y) € X x Y : h(z) # y}).

A distribution P is called (#-)realizable if

inf h) = 0.
i)

® RE(H): the set of all H-realizable distributions.
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Multiclass PAC learning

* A multiclass learner (or a learner) A is an algorithm which
given a sequence s € US° (X x V)™ and a concept class
H C V¥, outputs a classifier A(s, H) € Y.

¢ The (PAC) sample complexity of A is the function

Mg (0,1)° = N,
(€,0) = inf{n € N: Pgpm(erp(A(S,H)) >¢) <0, Vm >n, P € RE(H)}

with the convention inf ) = oo.

® # is PAC learnable by A if M 4(e,d) < oo for all
(¢,6) € (0,1)2. The (PAC) sample complexity of # is
defined as My (e, 8) := inf 4 M4 x(e,9), V(g,0) € (0,1)2.
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Multiclass PAC learning

Expected error rate
EAMP - N — [O, 1], n — Eg~pn [erp(A(S,'H))}.

Define €4, 1= Supperp(n) €AH,P and ey :=Inf a€43.
Transductive error rate

€A, H, trans - N— [Oa 1]7

e sup 7 2im1 Lh@) £ A 2)(a0)-
s=((z1,h(21)),.,(@n, h(xn)))E(XXY)":heH

Define €% trans ‘= ian €A, H,trans-

By a leave-one-out argument, we have €41 < €47 trans-

Theorem 2.6. Suppose ¢4 4 p(n) < M,/n Vn € N and

P € RE(H) with M,, nondecreasing in n. Then, there exists

a learner A’ such that for any P € RE(H), § € (0,1), and

n > 4, sampling S ~ P", with probability at least 1 — 6,

erp(A'(S,H)) < 4.82- (8.34M|,, 5| + log(2/6))/n.



Pseudo-cube and DS dimension

Ford,k € N, aset H C V4 is called a k-pseudo-cube of
dimension d if

® 0< |H| <o0and
® For any h € H and i € [d], there are at least k i-neighbors of
h (g is an i-neighbor of h if g(i) # h(i) and g(j) = h(j) for all
J € [d]\{i}).
x = (21,...,24) € X% is k-DS-shattered by H C ) if
Hlx := {(h(z1),...,h(zq)) : h € H} contains a d-dimensional
k-pseudo-cube.
The k-DS dimension of H (dimg(H)) is the maximum size of
a k-DS-shattered sequence.

Pseudo-cube and DS dimension (dim) correspond to 1-pseudo
and 1-DS dimension (dim;).
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Existing results

® Brukhim et al. [2022] proved that

® aclass H C V¥ is PAC learnable if and only if
d:=dim(H) < oo;

® there exists a multiclass learner A which for any P € RE(H),
5 €(0,1), n €N, and S ~ P", satisfies that with probability
at least 1 — 4,

erp(A(S,’H)) -0 ((d3/2 log(d)—l-dlog(logr(Ln))) logz(n)—i-log(l/z;)) .
(1)
¢ Charikar and Pabbaraju [2023] proved ey (n) = Q (d/n).
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One-inclusion graph

The one-inclusion graph (OIG) of H C Y™ is a hypergraph
G(H) = (H, E) where H is the vertex-set and E is the
edge-set defined as follows.

For any i € [n] and f : [n]\{i} — ), define the set
ey :={h € H:h(j)=f(j), Vjen]\{i}}.
The edge-set is

Ei={(eisi) i € [n], £ : n\{i} = V,ess #0}.

For any (e; f,i) € E'and h € H, we say h € (e; ¢,1) if
h € e; s. The size of the edge is |(e; f,%)| := |es f|.
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Degree and density

For any hypergraph G = (V, E) and v € V, the degree of v in G is
deg(v;G) := |{e € E : v € e, |e| > 2}, written deg(v) in
abbreviation.

If |V] < oo, the average degree and average out-degree of GG are

avgdeg(G) = \V\ ZUEV deg(v; G) = |v| Ze€E| |>2 lel,
anOUtdeg(G) |V\ ZeGE(|e| )

For general V, the maximal average degree of G is
md(G) = supycv|u|<oo avedeg(G[U]),

where G[U] = (U, E[U]) with E[U] :={enU :e € E,enU # 0}.
The density of H C V7 is defined as

pa(m) := supye ym md(G(Hlx)), Vm € N.



Main results

® 7{ C Y% is nondegenerate if there exist hi, hy € H and
g, 1 € X such that hl(xo) = hg(ﬂfo) and hl(ﬂfl) #+ hQ(l‘l).

® 7 is degenerate if it is not nondegenerate.

® Theorem 1.9 (Partial summary of Theorem 2.5 and 2.11).
For any nondegenerate concept class H C Y with
dim(#H) = d and any (g,0) € (0,1)2, we have

0 (d+10§(1/5)> < My(e,8) < O (d3/210g(d) 1og£d/e)+1og(1/5)) ‘
(2)
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Upper bound via list learning

Theorem 1.10 (Informal summary of Theorem 2.7 and 2.10).
Assume that there exists a list learner which, given a concept class
‘H with dim(H) = d and training sequence of size n, outputs a
menu of size p(H,n) with expected error rate upper bounded by
B(H,n)/n for some functions p and 3 nondecreasing in n. Then,
there exists a multiclass learner whose error rate is

0 (5(an)+dlog(P(Ha"))+log(1/5)

n

) with probability at least 1 — 4.
Moreover, there exists a list learner satisfying

p(H,n) = O((e\/g)\/alog(n)) and
B(H,n) = O(d‘n’/2 log(d) log(n)).
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List learning

A menu of size k is a function p: X - {Y CYV:|Y| <k} A
1-menu can be viewed as a classifier in ¥, and vice versa.

A list learner A of size k is an algorithm which, given a
sequence s € U2 (X x ))™ and a concept class H C A
outputs a k-menu A(s,H). A 1-list learner can be viewed as a
multiclass learner, and vice versa.

Charikar and Pabbaraju [2023] proved that # is k-list
learnabale if and only if dj := dimy(#H) < oo, and there exists

a k-list learner A* which for any P € RE(H), § € (0,1),
n € N, and S ~ P", satisfies that with probability at least
1-9,

erp(A*(S,H)) = O (kﬁdm\/@logwkmogwlog<n)))log2<n)+1og<1/6)) )

n

Charikar and Pabbaraju [2023] proved the lower bound
efy(n) = Q(dy/(kn)).
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Lower bound

e A concept class H € V¥ is called k-nondegenerate for kK € N
if there exist hy,...,hgyr1 € H and xg,x1 € X such that
‘{hj(.%'()) 1] € [k—i— 1]}‘ =1 and
H{hj(z1):jelk+1]} =k+1

® 7 is called k-degenerate if it is not k-nondegenerate.

® Theorem 2.5. For any k € N, k-nondegenerate concept class

H C VX with dimp(H) =dg €N, € € (0, m) and

0 € (O, m> we have

drp—1)1 1 é
M (e, 5) > Ue=lon2) s tlog(1/5)

In particular, when k =1, for any € € (0,1/16) and
5 €(0,1/8), we have

My (g,6) > (dim(#H)—1) 1Z§iz)+4log(1/5)_ ()




Reduction from multiclass learning to list learning

Algorithm 1: Multiclass learner A,.q using a list learner Ay

Input: List learner Aj;st, concept class H C vy, training sequence
S=((z1,91)s--, (Tn,Yn)) € (X x Y)™ for n > 3, test
feature z, 11 € X
Output: A label y € ) for the feature x,,41.
1 ny < n—2[n/3], na < [n/3];
2 ST« ((xiayi))ié[nl]v 52 ((xiayi))?:nrkl'
X' 4 (Tpy 41y s Ty Trt1);
30 Ause (ST H), N 30, ese Lugac:
4 Hy < {hlxw : h e H,|{i € [n+ 1\[n1] : h(x;) ¢ f(z)} < N +1};
s Sample (I, ..., In,) ~ Unif([2n3])"2;
6 h < Ac(T,Hx) where T < (1, y1;4n:)) jena)s

7 return the label ﬁ(?ng +1).

13/27



14/27

Reduction from multiclass learning to list learning

In step 6 of Algorithm 1, Ag is a multiclass PAC learner for
classes H of bounded graph dimension (dimg(#))

[Natarajan and Tadepalli, 1988].

We prove in Proposition H.5 that for any D € RE(H), n € N,
5 €(0,1), and S ~ D", with probability at least 1 — ¢,

erp(Ac(S,H)) = O (Milgwa))
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Sampled boosting of list learners

Brukhim et al. [2022] proposed a list sample compression
scheme of size 7 = O(d*/? log(n)) for concept classes of DS
dimension d and sample size n.

Its error rate is O ((rlog(n/r) 4+ log(1/d))/n) by standard
techniques for sample compression schemes
[David et al., 2016]. There is an extra log factor log(n/r).

da Cunha et al. [2024] proposed stable randomized sample
compression schemes and a subsampling-based boosting
algorithm for weak learners for binary classification whose
generalization does not induce the extra log factor in n.

For K € N menus p1,..., i each of size p, we define their
majority vote to be y = Maj(u,...,pux) with

Maj(pr, ..., pr)(z) ={yeY: {k € [K]:y € uu(x)}| > K/2}, Vo € X.

1 has size 2p — 1. For p = 1, the above definition recovers the
majority vote of classifiers.



Sampled boosting of list learners

Algorithm 2: Sampled boosting Ayqost Of a list learner Ay

Input: List learner Ay, concept class . C V¥, training sequence
S = {(@1, 1), -+, (@n,yn)} € (X x V)", 7 € (0,1/2),
€ (0,v/18], 6 € (0,1).
Output: Menu p.
1 fori=1,. ..,ndo
L Di({(zi,9:)}) < 1/n;

Q< 2 IOg(( + 7)/(1 - 7))! m <— -/\/l./‘\lism?’t(l/2 - 77”)'
K < [4log(n/d)/~1;

N

w

4 fork=1,...,K do

5 Draw m samples S* ~ D}

6 i At (S*, H);

7 fori=1,...,ndo

8 | Drrr({(@i,90)}) < De({(zi, 9:)}) exp (—a (2Ly, ey wi) — 1))
9 D41 < Diy1/ (Z:L:l Di({(wi,:)}) exp (_O‘ (21%6%(1@) - 1)));
10 return g Maj ((pr)re(x])-
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Sampled boosting of list learners

Theorem 2.8. Assume that Aj;e; is a list learner with

M, 1(1/2 —7,v) < o for some v € (0,1/2) and v € (0,~/18].
Then, for any D € RE(#H), n € N, and § > 0, sampling S ~ D",
with probability at least 1 — ¢, the menu p produced by Apost
using Ajigt in Algorithm 2 satisfies that

Mg, —v,v) log(n/é
er’D(,U) _ O( Ahst,H(l/Q v,v) log(n/ )) )

n

Theorem 2.10. There exists a list learner Ay, which for any
H C Y with dim(H) = d and sample size n € N outputs a menu

of size O((e\/ﬁ)ﬂlog(n)) with €4, 2(n) = O <M>_

n



Improved upper bound

® Theorem 2.11. There exists a multiclass learner A, ,1t; such
that for any H C Y of DS dimension d, D € RE(H),
0€(0,1), n>d+1, and S ~ D", with probability at least
1 -9, we have

er’D(Amu]tj(S,H)) _ O <d3/2 log(d) log(n)+log(1/5)) , (5)

n

which implies that

M-Amulti’H <€7 6) = O <d3/2 log(d) logid/6)+log(1/6)) I VE, 5 S (07 1)

® The existing upper bound in Brukhim et al. [2022]:
o) ((d3/2 log(d)+dlog(log(n))) log? (n)+log(1/9) > _

n
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Improved upper bound

Theorem 2.11 (cont’d). If there exists a list learner Agooqiise of
size f1(d) and expected error rate €4, ... #(7) < fa(d)/n for
some functions f1 : N — N and f2 : N — [0, 00), then, there exists
a multiclass learner Aj;, such that

Mo, n(2,6) =0 (dlog(f1(d))+£2(d)+log(1/5)> , Ve, d € (0,1).

Open Question 1. Does there exist a list learner such that given
a concept class H C V¥, its size is f1(dim(H)) and its expected
error rate is € 4,, 7(n) = fa(dim(?))/n for some functions
fi:N—=Nand f3: N —[0,00)?
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Density, DS dimension, and PAC learning

® Proposition 3.1 (Daniely and Shalev-Shwartz 2014,

Charikar and Pabbaraju 2023, Aden-Ali et al. 2023). For any
H C Y¥ and n € N, we have

pr(n)/(2en) < ey < €3 trans < pp(n) /1. (6)

Assume that pg(n) < f(dim(H)) for some function f: N — [0, 00)
and all n € N. Then, there exists a learner A based on orienting the
one-clusion graph of the projected concept class

[Aden-Ali et al., 2023, Appendix A] with sample complexity

Mz (e, 8) = O(LEmOHOs/0)) e 5 ¢ (0,1).

€

Haussler et al. [1994] proved that py < 2dim(#) for binary classes,
which motivates the conjecture for multiclasses.

Theorem 3.2. For any H C Y with dim(#H) = 1, we have
pux(n) <2, ¥n € N. Thus, My(e,d) = © (log(1/6)/¢e) for any
positive €, € O(1) and any H with dim(H) = 1.



Pivot shifting

® Motivated by the proof for binary classes
[Haussler et al., 1994, Lemma 2.4], we consider upper
bounding the density by induction on the size of the sequence
the class projects to.

® The analysis for binary classes does not apply to general
concept classes.

® The analysis in the induction step proceeds seamlessly for
some special concept classes where a common label which we
call a “pivot” exists for each edge in the last dimension of size
greater than 1 in its one-inclusion graph.
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Pivot shifting

Definition 3.5 (Pivot of finite concept class). For any n € N\{1} and
V,, C V", we define

;B(Vn) = Uyey Uy'Ey\{y} {(y17 cee 7yn—1) € yn71 :
(y17 ey Yn—1, y)? (yla e ayn—lvy,) € Vn}

a € Y is said to be a pivot of V,, if (y1,...,yn—1,a) € V, for all

(Y1, Yn—1) € B(V4). When P(V,,) =0, every a € Y is a pivot of V.
Lemma 3.6. Assume that for some n € N\{1}, any d € N, any

m € [n—1], and any H C Y™ with dim(H) < d and |H| < co, we have
avgoutdeg(G(H)) < d. Consider an arbitrary set V;, C Y™ such that
[V..| < oo and dim(V;,) < d. If V;, has a pivot, then we have
avgoutdeg(G(V,,)) < d.
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Pivot shifting

For any n € N\{1}, a € Y, and V,, C Y™ with |V,| < co, we define

PBa(Va) == Uyer{ (W1, yn-1) €V (Y1, Yn-1,y) € Vi,
(yl, cee 7yn—17a) ¢ Vn}
Fory = (y1,...,yn—1) € Pa(Vy) and the edge (en,y,n) in G(V4,), define
Ly:={ye€d: (- yn-1,y) € (eny,n)}.

A mapping v : Pa (Vi) — Y is called a pivot shifting on V,, to a if v(y) € Ly

for all y € Pa(Vn).
Let I'y,v;, denote the set of all pivot shifting on V,, to a. For any v € I'g v,,,

we define
Vo= (Va\ (s v() 1y € Ba(Va)}) U{(y, @) 1y € Ba(Va)}

i.e., Vy 4 is obtained by replacing the label v(y) in (y,y(y)) with a for all
Y € Ba(Va).



Pivot shifting

® Lemma 3.8. Foranya € ), V C U, Y™ with |V] < oo,
and v € I'y v, we have

avgoutdeg(G(V™)) > avgoutdeg(G(V)).

® Open Question 2. For any d € Nand any V. C U ; , )"
with |V| < oo and dim(V') = d, are there some a € ) and
v € I'qv such that dim(V7) < d7

® A positive resolution of the above question would lead to the
conclusion that py < 2dim(H).
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