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Mo#va#on
• Time-varying systems: causal relationships can change over time.

• Cyclic relationships: causal effects can form a cycle, e.g., feedback loops.

• Modeling subpopulations: e.g., subtypes of cancers do not share the same exact 

biological pathways
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These complex models are better modeled by a mixture of DAGs!
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and

Aggregate of subpopulations
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Causal system constantly evolves



Mixture model
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• A mixture of (unknown) K DAGs over n nodes: {G1, . . . ,GK}

pm =
X

`2[K]

w` · p` , where
X

`2[K]

w` = 1

• True edges: exist in at least one component DAG, define mixture parents

pam(i) =
[

`2[K]

pa`(i)

• Prior work: observational data, restrictive assumptions and/or results



Interventional data

4

<latexit sha1_base64="n7DVpfSreTUc6ffMpI7D82+DA54="></latexit>• Challenge for mixture: CI tests on observ. data is not sufficient for learning true edges

• Intervention model: Target a subset of nodes I ⇢ [n], cut off parents
across the mixture

p`(xi | xpa(i)) ! qi(xi) , 8i 2 I, 8` 2 [K]
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int. I = {2}
<latexit sha1_base64="dNFcOpj3jfo6+MJ0LLmJA36cMzM=">AAACCnicbVC7TsMwFHV4lvIKMLIEWiSmKqnEY6zEAGOR6ENqq8hxb1qrzkP2DaKKMrPwKywMIMTKF7DxN7htBmg5kqWjc+61j48XC67Qtr+NpeWV1bX1wkZxc2t7Z9fc22+qKJEMGiwSkWx7VIHgITSQo4B2LIEGnoCWN7qa+K17kIpH4R2OY+gFdBBynzOKWnLNoy7CA07vST2RQJaWuwHFIaMivc5cp5y5Zsmu2FNYi8TJSYnkqLvmV7cfsSSAEJmgSnUcO8ZeSiVyJiArdhMFMWUjOoCOpiENQPXSaYTMOtFK3/IjqU+I1lT9vZHSQKlx4OnJSUw1703E/7xOgv5lL+VhnCCEbPaQnwgLI2vSi9XnEhiKsSaUSa6zWmxIJWWo2yvqEpz5Ly+SZrXinFfObqulWi2vo0AOyTE5JQ65IDVyQ+qkQRh5JM/klbwZT8aL8W58zEaXjHzngPyB8fkDFTmbIA==</latexit>

G1
<latexit sha1_base64="HeayslAcl0RUDLsg9oFZKRJm8Yo=">AAACCXicbVC7SgNBFJ2NrxhfUUubwUSwCrsBH2XAQssI5gFJCLOTm2TI7IOZu2JYtrXxV2wsFLH1D+z8GyebLTTxwMDhnHtnzhw3lEKjbX9buZXVtfWN/GZha3tnd6+4f9DUQaQ4NHggA9V2mQYpfGigQAntUAHzXAktd3I181v3oLQI/DuchtDz2MgXQ8EZGqlfpF2EB0zviRUMkrjc9RiOOZPxddKvlpN+sWRX7BR0mTgZKZEM9X7xqzsIeOSBj1wyrTuOHWIvZgoFl5AUupGGkPEJG0HHUJ95oHtxmiChJ0YZ0GGgzPGRpurvjZh5Wk8910zOYupFbyb+53UiHF72YuGHEYLP5w8NI0kxoLNa6EAo4CinhjCuhMlK+ZgpxtGUVzAlOItfXibNasU5r5zdVku1WlZHnhyRY3JKHHJBauSG1EmDcPJInskrebOerBfr3fqYj+asbOeQ/IH1+QM+rJqq</latexit>

G2

<latexit sha1_base64="CieYHEoWEkHhlg7x5rtgzZffj7U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6aPe8XrniVt0ZyDLxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmxSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl9eJs2zqndZvbg/r9Ru8jiKcATHcAoeXEEN7qAODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QPeIY2K</latexit>

X1
<latexit sha1_base64="GMvM05a1u+y1enhYtUahhR0Ewq8=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGieUCyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9tHvVXqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs1qxbusXNyfl2s3eRwFOIYTOAMPrqAGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QPfpY2L</latexit>

X2

<latexit sha1_base64="OR4dDBXWjQg3wtiNXamTise6W84=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxoHpAsYXYymwyZnV1meoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIoVB1/1yCkvLK6trxfXSxubW9k55d69p4lQz3mCxjHU7oIZLoXgDBUreTjSnUSB5KxjdTP3WI9dGxOoBxwn3IzpQIhSMopXu273TXrniVt0ZyF/i5aQCOeq98me3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiRVfokjLUthWSm/pzIaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZf/kuZJ1buont+dVWrXeRxFOIBDOAYPLqEGt1CHBjAYwBO8wKsjnWfnzXmftxacfGYffsH5+AbhKY2M</latexit>

X3
<latexit sha1_base64="MiHHZ135ASRL/Tc4kkwiQ7aYjSA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6aPfOe+WKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPqt5l9eL+vFK7yeMowhEcwyl4cAU1uIM6NIDBAJ7hFd4c4bw4787HvLXg5DOH8AfO5w/irY2N</latexit>

X4

<latexit sha1_base64="CieYHEoWEkHhlg7x5rtgzZffj7U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6aPe8XrniVt0ZyDLxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmxSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl9eJs2zqndZvbg/r9Ru8jiKcATHcAoeXEEN7qAODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QPeIY2K</latexit>

X1
<latexit sha1_base64="GMvM05a1u+y1enhYtUahhR0Ewq8=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGieUCyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9tHvVXqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs1qxbusXNyfl2s3eRwFOIYTOAMPrqAGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QPfpY2L</latexit>

X2

<latexit sha1_base64="OR4dDBXWjQg3wtiNXamTise6W84=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxoHpAsYXYymwyZnV1meoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIoVB1/1yCkvLK6trxfXSxubW9k55d69p4lQz3mCxjHU7oIZLoXgDBUreTjSnUSB5KxjdTP3WI9dGxOoBxwn3IzpQIhSMopXu273TXrniVt0ZyF/i5aQCOeq98me3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiRVfokjLUthWSm/pzIaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZf/kuZJ1buont+dVWrXeRxFOIBDOAYPLqEGt1CHBjAYwBO8wKsjnWfnzXmftxacfGYffsH5+AbhKY2M</latexit>

X3
<latexit sha1_base64="MiHHZ135ASRL/Tc4kkwiQ7aYjSA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6aPfOe+WKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPqt5l9eL+vFK7yeMowhEcwyl4cAU1uIM6NIDBAJ7hFd4c4bw4787HvLXg5DOH8AfO5w/irY2N</latexit>

X4

<latexit sha1_base64="29Y98KKEArERavrp+SpoWb8+w/E=">AAACDnicbVC7SgNBFJ31GeMrammzmAQsJOwGfJQBC7WLYB6QhDA7uZsMmX0wc1cMy36Bjb9iY6GIrbWdf+PsJoUmHhg4nHPvzJnjhIIrtKxvY2l5ZXVtPbeR39za3tkt7O03VRBJBg0WiEC2HapAcB8ayFFAO5RAPUdAyxlfpn7rHqTigX+HkxB6Hh363OWMopb6hXIX4QGze2JHRJDEpa5HccSoiK+Sfmyf3CSlpF8oWhUrg7lI7Bkpkhnq/cJXdxCwyAMfmaBKdWwrxF5MJXImIMl3IwUhZWM6hI6mPvVA9eIsRmKWtTIw3UDq46OZqb83YuopNfEcPZlGVfNeKv7ndSJ0L3ox98MIwWfTh9xImBiYaTfmgEtgKCaaUCa5zmqyEZWUoW4wr0uw57+8SJrVin1WOb2tFmu1WR05ckiOyDGxyTmpkWtSJw3CyCN5Jq/kzXgyXox342M6umTMdg7IHxifPwr4nLU=</latexit>

G1,I

<latexit sha1_base64="VLESyBhnWos5fpkp5XYRMzR0/84=">AAACDXicbVC7SgNBFJ2NrxhfUUubxUSwkLAb8FEGLNQugnlANoTZyU0yZPbBzF0xLPsDNv6KjYUitvZ2/o2zmxSaeGDgcM69M2eOGwqu0LK+jdzS8srqWn69sLG5tb1T3N1rqiCSDBosEIFsu1SB4D40kKOAdiiBeq6Alju+TP3WPUjFA/8OJyF0PTr0+YAzilrqFcsOwgNm98QS+klcdjyKI0ZFfJX04urJTVJOesWSVbEymIvEnpESmaHeK345/YBFHvjIBFWqY1shdmMqkTMBScGJFISUjekQOpr61APVjbMUiXmklb45CKQ+PpqZ+nsjpp5SE8/Vk2lUNe+l4n9eJ8LBRTfmfhgh+Gz60CASJgZmWo3Z5xIYiokmlEmus5psRCVlqAss6BLs+S8vkma1Yp9VTm+rpVptVkeeHJBDckxsck5q5JrUSYMw8kieySt5M56MF+Pd+JiO5ozZzj75A+PzBzKynD8=</latexit>

G2,I

<latexit sha1_base64="ozCSD3Xz1XZOUdiAQXKICVuGRrI="></latexit>Objective: Identify true edges via interventions on the mixture

<latexit sha1_base64="unY19EpUex/0pU2QZCepEITMAvw=">AAACCXicbZDLSsNAFIYn9VbrLerSzWArVJCS1OtGKLhxWcFeoAlhMp20Q2eSMDMRSsjWja/ixoUibn0Dd76NSZqFtv4w8PGfczhzfjdkVCrD+NZKS8srq2vl9crG5tb2jr6715VBJDDp4IAFou8iSRj1SUdRxUg/FARxl5GeO7nJ6r0HIiQN/Hs1DYnN0cinHsVIpZajw1psCQ5DlDg58KR+egyvoRU3T86spFZx9KrRMHLBRTALqIJCbUf/soYBjjjxFWZIyoFphMqOkVAUM5JUrEiSEOEJGpFBij7iRNpxfkkCj1JnCL1ApM9XMHd/T8SISznlbtrJkRrL+Vpm/lcbRMq7smPqh5EiPp4t8iIGVQCzWOCQCoIVm6aAsKDpXyEeI4GwSsPLQjDnT16EbrNhXjTO75rVVquIowwOwCGoAxNcgha4BW3QARg8gmfwCt60J+1Fe9c+Zq0lrZjZB3+kff4AvEmXyQ==</latexit>

pam(3) = {2, 4}



Necessary & sufficient intervention sizes

5

<latexit sha1_base64="hnQ6zNpIa0bhc/QPjzhaYh7tx9Y="></latexit>

Theorem (int. size - general): To find mixture parents pam(i) of node i via CI tests,

1. interventions with size |I|  |pam(i)|+ 1 are sufficient ,

2. at the worst-case, interventions with size |I| = |pam(i)|+ 1 are necessary.

<latexit sha1_base64="cEhiVeoGBKkSKcooRfiEAzfAyV8="></latexit>

Theorem (int. size - trees): To find mixture parents pam(i) of node i in a mixture of trees

1. interventions with size |I|  K + 1 are sufficient ,

2. at the worst-case, interventions with size |I| = K + 1 are necessary.



Learning algorithm

6

Iden3fy 
mixture ancestors

break cycles among
ancestors of a given node 

topological
layering

Iden3fy 
mixture parents

<latexit sha1_base64="IY00e6zr3EATVc4yEAsVnbE9P94="></latexit>

cyclic complexity ⌧i: minimal int. size to break such cycles (empirically small)

<latexit sha1_base64="cAkRT6SDw8l4/t3jlVrxAJCSe1k="></latexit>

Theorem: Algorithm identifies all true edges using O(n2) interventions,
with size at most |pam(i)|+ ⌧i + 1 for each node.



Experiments

• Evaluate for recovering true edges on a mixture of Gaussians
• Verifying the need for interventions
• Strong performance for varying number of nodes & mixture components
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