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& Chain-of-Thought Reasoning

Chain-of-Thought (CoT): Generate a series of reasoning sub-steps while generating

answers to improve the performance of problem solving.

[Inpuc]
Question: Xiaoming has 5 ping-pong balls. He bought 2 packs of ping-pong balls, with 3
balls in each pack. How many ping-pong balls does Xiaoming have now?

Answer:

[Outpur]

Step 1: Xiaoming initially has 5 ping-pong balls.

Step 2: Xiaoming bought 2 packs of ping-pong balls, with 3 balls in each pack.
Step 3: After buying the 2 packs, he acquired an additional 2 x 3 = 6 balls.
Step 4: In total, Xiaoming has 5 + 6 = 11 ping-pong balls.

Final answer: 11 balls.

- J
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Chain-of-Thought Reasoning

Reasoning Boundary Framework

There exists a reasoning upper boundary during the Chain-of-Thought process.
€ The single-step mathematical computation has a boundary and cannot solve problems with

excessively long input sequences.

Input:
3x + 3y + 12z = 6;
Input: Sk )
(T+5)+(6+4x3—2x7)= 2e+ 5y + 142 =17,
. 2z + 4y + 15z = 6;
Computation Boundary N
Output: _
12+ (6+4x3—2x7) O“tp;il 4o
=12+ (6+12—2x7) yroz=2a5
. 3y + 6z = 3;
=12+ (18—2x7)
) 20+ Tz = 2
=12+ (18 — 14)
194 — x+2z=1;
:3 - y+2z=1;
N 3z =0;
== r =1;
y=1
z = 0;
" 7

Towards Revealing the Mystery behind Chain of Thought: A Theoretical Perspective. Feng et al., NeurIPS 2023
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== Chain-of-Thought Reasoning Reasoning Boundary Framework

There exists a reasoning upper boundary during the Chain-of-Thought process.
€ There is also a boundary to the planning capabilities, making it unable to handle excessively

long planning chains.

Domain Method Instances correct
GPT-4 GPT-3.5 I-GPT3.5 I-GPT3 GPT-3
‘ 54/600 41/600  6/600
Blocksworld  One-shot  206/600 (34.3%)  37/600 (6.1%) g P Qo
(BW) Zero-shot  210/600 (34.6%)  8/600 (1.3%) i i -
[ ¢ Computation Boundary ] COT _ 214/600 (35.6%) - - - -
Logistics One-shot  28/200 (14%)  1/200 (0.5%)  6/200 3%) /200 -
, (1.5%)
Domain
_ Zero-shot  15/200 (7.5%)  1/200 (0.5%) ] - -
Planning Boundary 41600 14/600 /600
Mystery BW ~ One-shot  26/600 (4.3%)  0/600 (0%)
/ (0.6%) 23%)  (0%)
(Deceptive)
Zero-shot 1/600 (0.16%) 0/600 (0%) - - -
COT 54/600 (9%) - - - -
Mystery BW  One-shot  12/600 (2%) 0/600 (0%) (f)/ 2970) (f)/ 2970) (g ??70)
(Randomized) o o oy

Zero-shot 0/600 (0%) 0/600 (0%) - - - [ g




' Motivation

Reasoning Boundary Framework

Problems with existing work:

€ It only conducted qualitative analysis and did not perform quantitative analysis

of the reasoning boundary.

€ It did not provide guidance on optimizing Chain-of-Thought (CoT).

<« MATHEMATICAL » Solve a grade-school level math reasoning problems

Question: Shawn has five toys. For Christmas, he got two toys each from his mom and dad. How many toys does he have
now?

Thought: Shawn started with 5 toys. If he got 2 toys each from his mom and dad, then that is 4 more toys. 5 + 4 =9.
Symbols: Numbers: 5, 4, 9

Patterns: Equations: 5 + 4 = 9. The equations typically appear at the end of the thought, and are almost always involved in
generating the final answer.

< COMMONSENSE » (SPORTS) Verify the accuracy of a statement linking an athlete with a sport.

Question: Is the following sentence plausible? "Jamal Murray was perfect from the line."”

Thought: Jamal Murray is a basketball player. Being perfect from the line is part of basketball.

Symbeols: Person and activity: Jamal Murray, Being perfect from the line

Patterns: Consistent sentence structure PERSON belongs to SPORT. ACTIVITY belongs to SPORT, where belongs to is a
phrase that connects a sports personality with an activity. The answer is yes if both the person and the activity are associated
with the same sport.

< COMMONSENSE » (DATE) Reason about dates

Question: It is 4/19/1969 today. What is the date 24 hours later in MM/DD/YYYY?

Thought: Today is 04/19/1969. 24 hours later is one day after today, which would be 04/20/1969. The answer is 04/20/1969.
Symbols: Dates: 04/19/1969, 04/20/1969

Patterns: Reasoning flows in two steps: initial calculation (Today is 04/19/1969...), followed by generation of output (The
answer is...)

<« SYMBOLIC » (SORTING) Sort integers between 1-9

Question: 3,1,2,7,8,5,6,9,4

Thought: 1 <2<..<9

Symbols: Numbers: 2, 4, 9

Patterns: Smaller number < larger number (1 < 2)

Table 1: <« Symbols » and «Patterns » for different tasks.

Lack of quantitative analysis

Arithmetic Expression

Input:
(7T+5)+(6+4x3—-2x7)=

Output:
12+ (64+4x3—-2x7)
=12+ (6+12—2x7)
=12+ (18—2x7)

=12+ (18 — 14)
=12+14
=3

Linear Equations

Input:
3z + 3y + 12z = 6;
20+ 5y + 142 =T,
2z + 4y + 15z = 6;

—
Output:

z+1ly+42=2;

3y + 62 =3;

2y + Tz = 2;

= x+2z=1;

Y+ 2z =1,

3z =0;

= T =1

y=1

z=0;

Absence of optimization guidance
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A Reasoning Boundary Framework

to Quantify and Optimize CoT
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= Contributions & Main Framework Reasoning Boundary Framework

€ First Systematically define and comprehensively validate reasoning boundary
€ Conduct quantitative analysis of the reasoning boundary

€ Propose Minimal Acceptable Reasoning Path Prompting to optimize the performance.
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Reasoning Boundary Framework

Reasoning Boundary Combined Reasoning Minimal Acceptable Reasoning
Hypothesis Boundary Hypothesis Path Chain-of-Thought

- —

__________________________________________________________________________________________________________

(a) Reasoning Boundary (§2.1) (b) Combination Law of Reasoning Boundary (§2.2)

Boundary (CFRB) Boundary (PFRB) Boundary (CIRB)

( Y
i ([ h : i Arithmetical Calculation + Planning — Mathematical Reasoning )
: B cc-90% [i] L Acc=90°/o@ i gue— P " \ 0262 ~ :
i I rithmetical Cal- . I
l (142)*¥3-4=7 5 h @ . c gg,g{ Mathematical :
i ) Sk ? J i culation RB (B(a)) - S 9 easoning RB (B(a,p)) |
| ( B 5 ) ° [j i 1+2=7; 3*3=2; ... o = Step 1: First you need to | !
| Seomc Acc=507% ih S > %g calculate that Joan is 14+2=3 | |
| 112+21)*3=? 399 0o ) ‘s 9O | | years old. !
> ( : = " Natuf'al Language = E Step 2: Then you need to | ;
14 B Q " E] ¥ Planning RB (B(p)) f calculate that Jack is 3*3=9 | |
: Acc=10% Acc=10% i ! | Step!: First you need to... years old... i
| ((1123+231)*332= | 1,209,653 :i Step2: Then you need to... \ /|
' (c) Categories of Reasonmg Boundary (§2.3) :
-/ BACC>9O/ @ = Bloo/o<ACC<90°/o [j D BACCQ.O% Q i 7«
Reasoning |:> Completely Feasible Reasoning Partially Feasible Reasoning Completely Infeasible Reasoning i L \ ) ) )

Boundary




=% Reasoning Boundary Hypothesis Reasoning Boundary Framework

For certain tasks and models, during the CoT reasoning, each reasoning capability has

an upper-bound, known as the reasoning boundary. Exceeding this boundary prevents

reasoning from proceeding as expected.

——————————————————————————————————————————————————

(a) Reasoning Boundary (§2.1)

B 4cc-90% @ \ Acc= 90%
| (142)*3 -4 =7

r B 4 cc=50% [j‘ ACC 50°/o[j‘ E

(112421)%3=2 | [y 399 |

(” ) )
B cc-10 Q Acczlo%Q

(1123+231)*332=" 1,209,653




e Reasonin

e\

g Boundary Hypothesis

Computation capability has the reasoning boundary.

HETEES(RE)
Ix1, 1x2, ... 9x8, 9x9
ZEL x 143228

1x10, 1x11, ... 9x99

IEL x 2032

n- 1L x n-1{U#L
N x nfizE]

® Correct sample # Incorrect sample O CFRB QPFRB O CIRB

2000 2007 cime |« « o5 w Fi [ome <02
v 5 |8 s g/ e
S P g"ﬁd‘:‘”’:"s‘”‘f :
15004 k 150 = | o ,é,, X ok
- *:;’;f -
i | o . "x%‘* o %x N
|:: > ¥ x* v Laxdy Saf x/y
> 1000+ > il fo¥aE e RNy,
\/ =2e6 71007133 BT =500
1% 12 oy Fox %,
% ® .,"S:xx x" 5 “:‘.
500' 0_ . 2 oy %
*- 5 q" b x &x "X x ®
x*y LA cooooooo| S
x (0] =2.2€5 g |! S/ s 00" =110
o 500 1000 1500 2000 o 0.5e5 1e5 1.5e5 265

X " "
(a) Distribution of correct predictions (b) Distribution of correct predictions
for x*y samples. for x/y samples.

Reasoning Boundary Framework




=& Combined Reasoning Boundary Hypothesis Reasoning Boundary Framework

For real-world tasks, LLMs need to utilize more different fundamental boundaries for
combined reasoning to solve problems.
> Practical combined reasoning boundary can be calculated as the weighted harmonic

mean of the fundamental reasoning boundaries.

————————————————————————————————————————————————————————

(b) Combination Law of Reasoning Boundary (§2.2)

Arithmetical Calculation + Planning — Mathematical Reasoning

{ \
I I
I I
I |
I I
e N —— Ozl :
! (\g ) Arithmetical Cal- = é'} = Mathematicsl ) !
¥ = culation RB (B(a)) | S ° easoning RB (B(a,p)) :
\ O I
l i 1E2=2; 3*3=1% ; = o = Step 1: First you need to | !
g > AN < g calculate that Joan is 14+2=3 | !
e ) ‘'S © ears old. |
o > Q ¥ I
" N atuf' al Language < E Step 2: Then you need to | ,
| Planning RB (B(p)) f calculate that Jack is 3*3=9 | |
i | Stepl: First you need to... years old... i /
¥ Step2: Then you need to... \ J S |3
| : \. J ! S




@ Combined Reasoning Boundary Hypothesis

Reasoning Boundary Framework

harmonic mean.

Task: Multi-step Mathematical Calculations

Observation: The Combined reasoning boundaries are computed as the weighted

|

Multi-step mathematical
calculations

J

»B(c): 14

»B(p): 6

-
Input: —
(7T4+5)+=(6+4x3—2x7)=

L | G G U | |

Output:

12+ (6+4x3—2x%x7)
=12+ (6+12—2x7)
=12+ (18—2x7)
=12+ (18 —14)
=12 +4
=3

.

1

BCOT(C,p) —

N, N )
Blo—b) + B —ba)

-

BAchQO%
&~ 185-9 Ax :
2E |e|dlex " *
Q= 8et{ 2 12\ g %
= ¢ 333] X x %
p=R- RS b B E RN #
= 6et{=ilga\ X
=2 eise\x[* x
g2 SeliEa\ [ %x
£C get{B8a\i0%2 | xx
5 B e\ 2xE|NX** o
© LE\xX 0
E3 |88\ids| s Acs3?
O 20t {858\ 'Ss|2¥xuxxx «x
Bl ENHHHE
= Cooi\"{ % X% x
S088: Ly ¥
O{eS=2e © X X%
T T T T T
0 5 10 15 20

The number of calculation step (G(s))

/
/

L

AN
N

QA
QA )\
DRI
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* Combined Reasoning Boundary Hypothesis

Reasoning Boundary Framework

weighted harmonic mean.

In various tasks and models, the Combined reasoning boundaries are computed as the

Multi-step mathematical

Natural language

B acc=90% mathematical reasoning

Baccz90% operations
_ o Y
e ~ e $Z *1)s.}
SE |8|flexrrx = 5 & .
35 8et(s |8\ ae -T2
s oo \X Rl
‘B o o o \% X*xx = 3 5 g
o 3 @i lxa\s%X* x =< 2€ co®
T3 6 gilEe\ Xxx E > 58
:S> 9\ !xxx x = § X.
£ SENFE\ A X%y S 1565 ®
= ®eltx X\« §:, : x o %32
ES 4|88\ 053 \52 : T
50 S8\ XxEaNIx £5 1|28 cg<100%
ks TAVEEE T Baocg10yp % =XES
‘D0 et | BEE\ISS R X x5 S 8 Scel x
© 53§§§§§§"xx x = 5e4_ agsggx " *® *
E@ 20O \"SxeXuax =a20e x -
Xxe ® - s
SeSANEE, % ¥y NES®¥ag . Xoxx xX
0 E€S=S 8 N e X O —— XoCexx§®
T T T I I O 1 T 1 T 1
0 5 10 15 20 » 1 4 7 10 13 16
The number of calculation step (g (S)) The number of planning step (g (p)]
CoT 1
B*°*(c,p) =
N

11 N21 ’
Blc)—b1) T (Blp)—b2)

The number of entity (G(e))

Multi-hop question

Bacc=90% answering
12 -
10 -
8 .
6 -
BAcc<10%
4 RARRBRKK
¢ \:x{w»&mx
2 1 G\ RABBRRRXRBXRVBRBIC (%

T T T T

0 10 20 30
The number of hop (G(h))

40
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Y,



> Classification of Reasoning Boundaries Reasoning Boundary Framework

We have divided the reasoning boundary into three regions:

———————————————————————————————————————————————————————————————————————————————————————————————————————————

;' (c) Categories of Reasoning Boundary (§2.3) i
¥ N o - e |
i % s BAccg9O% @ o B10%<Acc<90% [j L7 BAcc_<_10% Q E
E Re(a}soning |j‘> Completely Feasible Reasoning Partially Feasible Reasoning Completely Infeasible Reasoning E
i . Boundary ) Boundary (CFRB) Boundary (PFRB) Boundary (CIRB) i

- e e e = e e e e e e e e e e e e e e e e e e e e e e e M e e e e e M e m e e e e e e e e e M e e e e e e e e M e e e e e e e e e e e e e e e e e e e e mm e e e e e e e e e e e e e e e e e

o~ 51
o = 3€ a : P » x
5 & 2 * o\ . *
ol
(&) 5 -
L ®e x %
— 2e5_ x Y X
S o <o % x x
E:> % X0 x
= EC e : ¥
©S 1.5e5 | @®
g'ﬁ‘ 5 §o§§ % -
e S X=xg9 *®
S{ IR o 2
8 e )Exgd .
-a Q .‘ x =
= O Sseze * .
e4 - B E-BE R x ®
3 - 20z = X x x
ee8x2% = . R PP
‘*:?2. 'xwX* x
O - = ke8exxg!
— T T T T T — -
25 1 4 71 10 13 |16 [/ N
)l

CFRB  PFRB CIRB



" Optimization of Reasoning Boundaries Reasoning Boundary Framework

Optimization of combined reasoning boundaries:
€ Effective optimization of combined reasoning boundaries

¢ Optimizing the reasoning path within a fixed reasoning boundary

e . 1

! Optimizing the Combined RB to enhance
I

I R

et T R R A R T T : 1 capabilities !

+ (b) Combination Law of Reasoning Boundary (§2.2) | ,

 Arithmetical Calculation + Planning — Mathematical Reasoning i : € Tool Us age :

( \ \ : | I

i | [|v& ] Arithmetical Cal- Oﬁ Mathematical AW @ I p I

| iles : g ! rogram of Though |

| 27| culation RB (B(a)) 1 - § o easoning RB (B(a,p)) E : ¢ osram o ought I

i 14+2=7; 3*3=2; ... S = Step 1: First you need to | | 1 ¢ :

: A gg | calculate that Joan is 1+2=3 | | N (@ e e e e e e e e e = -

: (N P N\~ o g years old. : T T e m e e e e e e e mm e mmmmm——— = = \

| atural Language Step 2: Th d t ! .. . Lo,

Al !PlanningRB ey | |3 5 et ditarectedl | Optimizing the reasoning path within a

1 | J :

i | Stepl: First you need to... years old... I . . e

| step2: Then you neeato.. | —J . | fixed RB to reduce reasoning difficulty

€ least-to-Most
¢ Complex-CoT
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~
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== Optimization of Reasoning Boundaries Reasoning Boundary Framework

In practical scenarios, when the model framework cannot optimize RB, we should focus
on optimizing the problem itself.

By reducing difficulty is less than the original RB, the model can achieve better results.
€ Optimizing Planning Difficulty: Least-to-Most

€ Optimizing Calculation Difficulty: Complex CoT




Optimization of Reasoning Boundaries Reasoning Boundary Framework

Optimizing Planning Difficulty: Least-to-Most

€ Definition: Divide the problem into subproblems, planning only a few steps at a time.

Stage 1: Decompose Question into Subquestions

A: To solve “How many times
can she slide before it

closes?”, we need to first B1 M
solve: “How long does each Model GGS

trip take?" Acc. (1)  Input Token (}) Output Token ({)

_____________________________________ CoT 57.00 +0.93 780.43 96.76 +3.22
Stage 2: Sequentially Solve Subquestions

Q: It takes Amy 4 minutes to climb to the top
of a slide. It takes her 1 minute to slide down.
The water slide closes in 15 minutes. How
many times can she slide before it closes?

Language
Model

) : ~ RG-Optimized Methods
It'takes Amy 4 m|nute§ to cl|mb'to the top of a A: It takes Amy 4 minutes to
sI!de. It take§ her 1 mlnute to slide down. The Language climb and 1 minute to slide. Tool Usage 71.64 +0.66 688.43 129.53 +3.82
slide closes in 15 minutes. Mode| down. 4 + 1 =5. So each tnp POT 78 25 657 43 78 25
Subquestion 1 ——\Q: How long does each trip take? ) takes 5 minutes. : +1.09 : : +1.09
- N Reasoning-Path-Optimized Methods
It takes Amy 4 minutes to climb to the top of
a slide. It takes her 1 minute to slide down. Least-to-most 58.25 +3.28 679.59 176.09 +15.22

The slide closes in 15 minutes. A: The water slide closes in

15 minutes. Each trip takes 5
minutes. So Amy can slide
15 + 5 = 3 times before it
closes.

A 4 model Q: How long does each trip take?

ppend mode! . . .

answer to _| A:lttakes Amy 4 minutes to climb and 1
Subquestion 1 minute to slide down. 4 + 1 = 5. So each trip
takes 5 minutes.

Language
Model

| Q: How many times can she slide before it

@ses? / [ Y AN\

Subquestion 2 —




®7 Optimization of Reasoning Boundaries

Reasoning Boundary Framework

Optimizing Planning Difficulty: Least-to-Most
€ Definition: Divide the problem into subproblems, planning only a few steps at a time.

€ Drawback: Introducing additional RB for global planning the overall problem.

1%

1%

(a) Distribution of the number of CoT
steps performed for each sub-question.

O#3
O #4
O#5
O #6
O #27

B*"(d,p,c) =

Accuracy (%)

(b) The Accuracy Distribution on the CoT steps
performed for each sub-question.

70
60
50
40
30
20

10

64.32

61.9

36.84

20.00

0.00

Excessive global planning

O #=3

9%

9%

14%

#<3

#4

#5

#6

#>7

8%

O #4
O #5
O #6
O #7
O #8

12%

1
2N11 + 2N2, 2N3,
(B’(c)—=b1) " (B(p)—b2) '§ (B(d)—b3)

o#9

O #210

(c) Distribution of the number of
sub-question.



Optimization of Reasoning Boundaries

Reasoning Boundary Framework

Optimizing Calculation Difficulty: Complex CoT

€ Definition: Increase the number of steps to simplify the calculation difficulty.

— & Asia bought a homecoming

T dress on sale for $140. It was
originally priced at $350.
What percentage off did she
get at the sale?

Question

Chain of 1- Asia saved $350 - $140 =
Thoughts $210 on the dress.

prompt 2. That means she saved $210 /
$350 = 0.60 or 60% off on the

dress.
Answer The answer is 60
1 ... <more CoT cases > ...
t Olivia has $23. She bought
Test five bagels for $3 each. How
Question much money does she have
left?

<GPT3 generates from here>
A. Workflow of chain of thoughts prompting

Angelo and Melanie want to plan how
many hours ... how many days should
they plan to study total over the next
week if they take a 10-minute break

. Angelo and Melanie think they should dedicate 3
hours to each of the 2 chapters ...

. For the worksheets they plan to dedicate 1.5
hours for each worksheet ...

. Angelo and Melanie need to start with planning 12

hours to study, at 4 hours a day, 12 / 4 = 3 days.

... < more reasoning steps > ...

. They want to study no more than 4 hours each
day, 15 hours / 4 hours each day = 3.75

. They will need to plan to study 4 days to allow for
all the time they need.

The answer is 4

B. Example complex chain, 9 reasoning steps

BIGGSM
Model
Acc. (1) Input Token (|) Output Token ({)
CoT 57.00 +0.93 780.43 96.76 +3.22
RG-Optimized Methods
Tool Usage 71.64 +0.66 688.43 129.53 +3.82
PoT 78.25 +1.09 657.43 78.25 +1.09
Reasoning-Path-Optimized Methods

Least-to-most 58.25 4398 679.59 176.09 11599
Complex—CoT 59.78 +0.60 111143 131.82 +1.91




%" Optimization of Reasoning Boundaries

Reasoning Boundary Framework

Optimizing Calculation Difficulty: Complex CoT

€ Definition: Increase the number of steps to simplify the calculation difficulty.

€ Drawback: Also increase the overall planning complexity.

Excessive required steps
in the prompt render

Complex CoT ineffective.

|-~ GPT4

Accuracy (%)

Accuracy (%)

O

N

9)]

w
o

10

@)

o

text-davince-003 —4— GPT3.5

text-davince-002 —— Manual Complex CoT - - - Auto-Generated Complex CoT

0 1 2 3 4 5 6
The number of steps
(a) GSM8K

0123456
The number of steps
(b) SingleEq

The number of steps
(d) SAVMP

0123456
The number of steps
(e) StrategyQA

98

Accuracy (%)
O O
N o

\o)
N

(o]
o

3

N
o

Accuracy (%)
g &

19)]
)]

9)]
o

- - -A

0123 456
The number of steps
(c) MultiArith

1
=
N

0123456
The number of steps

(f) AQuA



&% Optimization of Reasoning Boundaries

Reasoning Boundary Framework

Minium Acceptable Reasoning Path Prompting (MARP): Based on the maximum RB, complex

language processing tasks can be broken down into fewer, model-suitable reasoning steps.

Question: Leo's homework is divided into three parts. He completed the first part in 25 minutes and took
twice as long to complete the second part. If he can complete the entire homework in 2 hours, how many

minutes does Leo have left to complete the third part?

~

J

-

~
Original Example Sample:

1. Leo spent 25 x 2 = 50 minutes completing the
second part of his homework.

2. Leo spent 25 + 50 = 75 minutes completing
the first and second parts.

3. He spent 60x2=120 minutes on the entire
homework.

4. Therefore, Leo spent 120—75=45 minutes on
the third part of his homework.

#### 45

J

<
&

Ve

Optimized Instruction:
Requirements:... Each step should include as many basic

operations as possible.
Constraints: ... Each step can contain a maximum of 5 basic

operations....
.

~N

Ve

Optimized Example Sample:
1. Leo spent 25 + 25 x 2 = 75 minutes completing the first

and second parts of his homework.

2. Therefore, Leo spent 2 x 60 - 75 = 45 minutes on the

third part of his homework.

| ##H## 45

Achieving SOTA Performance!




Reasoning Boundary Framework
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s Exploration: Discussion on O1 Reasoning Boundary Framework

€ The CIRB shows a significant improvement, with a linear trend.
€ The CFRB boundary experiences significant nonlinear gains through reinforcement

learning combined with Inference Law.
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