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Problem Setting

Convex optimization with strongly convex function constraints:

min f(x) O
st. G(x) <0

e f is a proper and convex continuous (possibly non-smooth) function
of which the prox-mapping is easy to compute

o G=g1,... ,gm]T : R™ — R™; g; is Lipschitz smooth

@ g; is strongly-convex function with modulus ;.
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Related Work and Existing Problem

Complexities of First-order Methods:

e O(1/e) if f(x) is generally-convex, regardless the strong convexity of
constraint functions

e O(1/4/e) if the problem is strongly-convex-concave (Lin et al. (2020))
Existing Problem:

@ Best O(1/1/¢) can be achieved if we assume (y, G(x)) has a uniform
convexity modulus for any feasible y (Juditsky et al. (2011);
Hamedani and Aybat (2021)).

Our contribution:

@ A procedure to estimate the lower bound of strong convexity of
Lagrangian function.
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Core Assumption and Examples

Assumption 1 (Nontrivial Solution (Informal))

Q Vx| € argmin, f(x), we have g;(x3) > 0
Q dist(0f(x*),0)>7r>0

Sparse Learning

min f(x Zpl 1%l

st. X=Xy X...XXp), =—T= 1I<HI<HB{pz}
X(4) eR" 1<i<B
G(x) <0.

Linear Objective function

f(x) =c'x= 1= |c]

i = =

Ty
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How to estimate strong convexity

Key intuition: Apply the subdifferential separation property to bound the

dual variables.
@ Using the KKT condition

0 € 0f(x")+ VG(x")y"
o It follows from dist(0f(x*),0) > r > 0 that

r <[[VGE)y™ [ < [[VGE)] - Iyl < Iy VG,

o VG| - VG| < [[VG(x*) = VGX)|| < Lx|lx — x|
Q ;lx—x"?<p

2
Iwwlzhﬂ&ﬁ)erVG )+ Lx /28] .

@ PPE|x—x'|? < % —x7|)? < B

" N L L2 VG(%)||7172
thmmm:[fJi+¢ﬁﬁ+'f”q

(NeurlPS, 2024) Strongly Convex Function Constraint November 14, 2024

)

3)

7/12



Accelerated Primal-Dual Algorithm (APD) !

min max f(x) + (G(x),y) (4)

If the strongly convex modulus p is known, then we
Q zp <+ (1+o0k_1/0k)G(xk) — (0k—1/0k)G(Xk—1)
Q i1 < projy{yr + orzi}
Q xpp1 + argmingey{f (%) + (VG (xp)yk+1,%) + g % — xx-1[%}
Q Tir1  Ti/VI+ PThy Oky1 < T000/ Tkt

YErfan Yazdandoost Hamedani and Necdet Serhat Aybat. A primal-dual algorithm
with line search for general convex-concave saddle point problems. SIAM Journal on
Optimization, 2021
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Algorithm 1 APD with Progressive Strong Convexity Estimation (APDPro)

Require: 79 > 0,00 >0, X0 € X,y0 €y,p0 >0,N >0

1
2:

Initialize: (X_ll,y_l) — (xo,yo) ,X0Q ¢ X0, O—1 00,70 O’o/To,TQ =0
— 2
Set Axy = HDX + 20‘0D

3: fork=0,1,...,N do

© oNTs

Vi < {yeR’" iyl -p>pn b Y
Zp < (1 + 0'1971/0']9)G(Xk) — (O'k—l/o'k)G(kal)
Yit1 ¢ argming ey, —(y,2zx) + 5 |ly — yll®
Xp41 + argming v f(x) + (VG (Xk)yk+1,%) + ﬁllX —xp-1]?
tg < 0r/00, Xpy1  (TeXp + teXpt1)/(Th +tr), T < Tr + tg

_ 0T, A A
Pri1 + IMPROVE(xy, Xp, % =P Pk)

Tht1 < To/A/1 + Prt1Tht15 Oky1 < T000/Tht1

: end for

: Output: Xn11,YN+1,(pN41 for restart)
: procedure IMPROVE(X, X, 8, B3, pold)

N L L2 B % -2
= { [IvGeol +Lx /28] [5x4/ £+ S R ] }

Set pnew = max{poid, A}
return ppew

: end procedure
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Convergence Analysis for APDPro

Suppose that

' > Lxy + Lgoo, (5)
then we have )
_ * 6 1 * (12 DY
_ < _ _ Y
i) = I ) < g B+ 1)K<2TOHX° x7I"+ 20())
6 1 D?
Gz < i — 24 Px
leGl < C*(G—I—ToﬁK(K—i—l)K)(Q o =] 200)
1 12 300 2, L. 2
- _ < il il _
3 =X < S /TO( e = xoll* + 5 - lly* = yoll?).
where
5212 5 ks
Prk? + (Bpkr1pK)k DsS
01 =3 y D - ) P = 2 6
P1 P1/70, Prt1 e+l Pk .SE:O k(k+ 1) (6)
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