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From gradient descent to gradient flow

Optimization problem in Rd : min
x→Rd

F (x)

Gradient descent xk+1 = xk → ω ·↑F (xk)
↑

Prox. step (implicit)/ JKO xk+1 ↓ argmin
x

(
F (x) +

1

2ω
↔x → xk↔2

)

ω ↗ 0 continuous time: ODE ẋ(t) = →↑F (x(t))↑

is the gradient-flow equation of the energy F (x) in the space Rd with

the Eulidean geometry described by ↔x↔2.
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From Euclidean gradient descent to Wasserstein gradient flow

Generalizing the Euclidean geometry
(
Rd , →·→

)
to (P,W2)

JKO: Wasserstein gradient flow [Otto, 1996, 2001]

µk+1 ↑ argmin
µ→P

F (µ) +
1

2ω
W2

2(µ, µk)

Continuous-time (ω ↓ 0) gradient flow equation

εtµ = ↔div

(
µ↗ϑF

ϑµ
[µ]

)

PDE has a gradient structure:






Measure Space : P or M+

Energy functional : F (e.g. KL)

Dissipation Geometry : W2 or He

The merit of the right gradient flow formulation of a dissipative evolution equa-

tion is that it separates energetics and kinetics: The energetics endow the

state space with a functional, the kinetics endow the state space with a (Rie-

mannian) geometry via the metric tensor. [Otto 2001]
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Wasserstein distance and optimal transport
“Euclidean distance” between probability measures

p-th order Kantorovich-Wasserstein distance be-

tween measures µ0, µ1 on X → Rd with p finite

moments is defined through the Monge problem

W
p
p (µ0, µ1) := min

{∫
|x ↑ T (x)|p dµ0(x)

∣∣∣ T#µ0 = µ1

}

the Kantorovich problem

W
p
p (µ0, µ1) := min

{∫
|x0 ↑ x1|p d!

∣∣∣

ω(1)

#
! = µ0,ω

(2)

#
! = µ1

}

T

[Peyré and Cuturi, 2019]



Unbalanced transport: Hellinger-Kantorovich a.k.a.
Wasserstein-Fisher-Rao Best of both worlds

Wasserstein: transport/di!usion Fisher-Rao / Hellinger: growth/birth-death

H-K / W-FR [Chizat et al., 2018, 2019, Liero et al., 2018, Kondratyev

et al., 2016] gradient flow:reaction-di!usion eqn.

µ̇ = →ωG→1

W (µ)
εF

εµ
[µ] → ϑG→1

He
(µ)

εF

εµ
[µ] = ωdiv (µ↑εF

εµ
)→ ϑµ

εF

εµ

Previous works only use pure di!usion [Lambert et al. 2022] or pure dilation [Chen et al. 2023]

Variational inference with WFR gradient flows [Liero-Mielke-Tse-Z., in prep; Yan et al. 2023]
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Kernelized UT: Interaction-force transport gradient flows

min
µ2P

⇢
F (µ) := MMD2(µ,⇡)

�
[Arbel et al., 2019] via WGF

Application: generative model, inference, sampling

[Gladin et al. & Z, 2024] Motivation: kernelize HK / WFR gradient flow

µ̇ = �↵ ·G�1

W (µ)
�F

�µ
[µ]� � ·G�1

He
(µ) �K�1

µ
�F

�µ
[µ]

[ZM’24]
= �↵ ·G�1

W (µ)
�F

�µ
[µ]� � ·G�1

MMD

�F

�µ
[µ]

= ↵ · div

✓
µ

Z
r2k(x , ·) d (µ� ⇡) (x)

◆
� � · (µ� ⇡)
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Analysis of interaction-force transport gradient flows

Theorem [Gladin et al. & Z, 2024] MMD2(µ,⇡) exponentially decays

along the IFT gradient flow. In addition, KL decays under Bakry-Émery.

i.e., best of both worlds!
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i.e., best of both worlds!



Thank you!
For code implementation, see: https://github.com/egorgladin/ift_flow  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Gradient flow geometries obtained by kernelization

Wasserstein Stein
kernelize r

�F
�µ [µ]

Theorem [Z and Mielke, 2024] The Riemannian metric tensors of

Hellinger satisfy GMMD = Kµ �GHe(µ), i.e.,

MMD=(de-)kernelized Hellinger

MMD Hellinger
kernelize �F

�µ [µ]


