Question

Can we improve neural networks by
generalizing its symmetry constraints?
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Activation Functions

Y
x’ /
RelLU: Rectified Linear Units - Y
Activation
FlJtnctJi[on l Linear
CharaCterization .................... > y

* Axis Homogeneity A(x); = M) e Amp=mh A(xq,29,...) = (A(x1), A(x2),...)
e +ldempotence A(A(z)) = A(x) Al (x) =1id(x), O is Borel

» +Positive Homogeneity V¢ > 0, A(tz) = tA(x) Alx) := AMz) = max{x, 0}
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Solution

RelLU: loses the rotary symmetry CoLU: keeps the rotary symmetry

Previous works: spatial domain (Geometric Deep Learning)
Our work: feature space!
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A symmetry constraint on generative models for improved

Conic Activation Functions generalization property and better learning and performance.

1
e Semidefinite Program () = IR{E lglzl%l 5 H.CU o sz
Solution MNz) =mq(z) =z, = max{z,0}

dimension 1 dimension 2 dimension 3

. 1
e Conic Program? Q={z:2}>2}+23+...} I%S?‘x_yuz
Y
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A symmetry constraint on generative models for improved

Conic Activation Functions generalization property and better learning and performance.

CoLU Symmetry is Compatible with Transformer

Nonlinearities Function Group Symmetry Limiting

Attentionz € R“*Y — Z7 1 exp( @\,/:20 )z Orth  Entropic ColorClusters
RelU r € R — max{z, 0} Perm SimplexAC—lOrthant}B{f
ColLU r € RY = T gy (2) Orth DiskD“"' ConeV
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A symmetry constraint on generative models for improved

Conic Activation Functions generalization property and better learning and performance.

RelLU: permutation symmetry
Input x Activation A(w'x) Output wA(w'x) Label y

e Minimal Example
V | 1 ’ | 1 . .
- 0 ‘ , ®* Improved Generalization

\/. - \/ )
1 1

-1
1
-1 0
0 1 -1

0, - 0, -1 —— ReLU Train
ReLU Test
CoLU: orthogonal/rotary symmetry 1.0 T T
. . / / 7p]
Input x Activation A(w'x) Output wA(w'x) Label y é ColU Test
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Conic Activation Functions

Closed Form

L1,

A symmetry constraint on generative models for improved
generalization property and better learning and performance.

1 =1

min {max {x,/(|z.|+¢€),0},1}x;, 1=2,...,C
.

70 = (U a5 aatidel

Projective Form

e—0

lim A(x) = WVHH(x)(QZ‘) = Tmax{z,,0} D+min{z;,0}e; (T) Animation:

A

Conic Symmetry
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A symmetry constraint on generative models for improved

Conic Activation Functions generalization property and better learning and performance.

Multi-Head Structure 7\ = Ar&.i=1,2,...,G where C = GS
Symmetry Group: Perm(G) x Orth® (S — 1)

6 Neurons
3D Cone
2 Cones

Animation:
Conic Symmetry

eeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee




A symmetry constraint on generative models for improved
generalization property and better learning and performance.

Soft Projection

Conic Activation Functions

L0 1.0-
— | . - . .
+= 05 ReLU Projection EH H.ard Proqect.mn
%O | Sigmoid Projection %0 0.5 glimPPTOJeCUOD
§ § — Doit Projection
| _ /
OO 7 T T | OO i 1 I |
—9 0 9 5 ] ;
Input Input

Axis Sharing

g @=@ @ O Neurons

' @ 3D Cone  Glue cone axes w/ 7T,L-G — T1 X Tanother(S—1)axes
y % 2 Cones
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A symmetry constraint on generative models for improved
generalization property and better learning and performance.
Generated Samples of Q‘OLU‘LM Faster Learning

V) QL
Lo —3.00 - —— CoLU

—— RellU

Conic Activation Functions

Log Loss
"
o)
2

0K 20K 40K 60K 80K 100K 120K
Num Examples

UNet with Attention
(835M parameters)
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Diffusion Model and Process Matching

Signal Noise Signal Noise

Known (j ~ q(z(t)]2(0)) = N (a(t)z(0); 0 (t)I) =(t) = a()z(0) + o()e ~N(0,1)

) A A A i S oA ) » -
yi Ll SR AR ST L S ety s TR I LIRS, Bl TR I
‘: s b st i":‘ o - & L7 % B s N X i o c . e Ty ; SOk g
= i il A T L LT ¥ bt 43y # hard Al TR St Q
A B L e TR ..)g AL Ders A e TS SR N s 5
(1527 A ..gxf‘ i .l,,i‘v,‘,‘. ok g % - . )

~(q

Approximates x(0)

Negative Log Likelihood
—log p(x(0)) < —Eq(t)mq(a(t)|=(0)) 1og p(x(2))]+Dkr (q(z(t)|2(0))|p(x(0)|z(t)))
Relative Entropy Dy (qlp) := — / log(p(z)/q(z)) dg(z)

reM
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Diffusion Model and Process Matching

Signal Noise Signal Noise
Known @ — q(z(t)|z(0)) = N (a(t)x(0); 0% (t)T) #(t) = a(t)x(0) + o(t)e =~ N (0.1
| T SR ERRTCRm Nt I X R, P e IS s+ dB;

Approximates x(0)
Loss L(0) = “3t~u(o,1),az(O)Nw,xtwq(a;(t)|a:(0))‘G(tax(t)§ 0) — x(0)]

Time Dataset Noisy Image N— e~/
Residualization 0 e
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A symmetry constraint on generative models for improved

Conic Activation Functions generalization property and better learning and performance.

Better Accuracy and Loss

2-Layer MLP
(MNIST, C=512)

Train Loss 0.0000 + 0.0000 0.0000 = 0.0000
Test Accuracy 97.17 +£00.02 97.23 + 00.06

2-layer VAE
(Shared&Soft)

Train Loss 84.29 + 0.34 83.88 + 2.68
Test Loss 08.14 + 0.07 97.64 = 1.39

RelL,U ColLU

RelLU ColLU
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Conic Activation Functions

A symmetry constraint on generative models for improved
generalization property and better learning and performance.

GPT2 MLP

(FineWeb10M) ReLy ColU
Forward FLOPs 39.064M 39.101M
Test Loss 3.4569 + 0.1182 3.3804 + 0.1159
ResNet-56
(CIFAR10) RelU ColLU
Forward FLOPs 0.252M 0.257M

Diffusion Model
(CIFAR10)

Train Loss
Early Samples |

RelLU ColU (Faster) |

Test Accuracy 92.7282 + 0.357 93.5851 + 0.442

0K 1K 2K 3K 4K
Num Examples

Diffusion Model Training
O(C) Complexity
Negligible Overhead vs RelLU
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A symmetry constraint on generative models for improved
generalization property and better learning and performance.

Rel U:
matches each other
with swapping

Conic Activation Functions
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Palettes

Last Convolution Layer of Diffusion
Model with Different Seeds

ColLU:
with swapped color
rotation
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A symmetry constraint on generative models for improved

Conic Activation Functions generalization property and better learning and performance.

Implication: Generalize NN Symmetry

Previous works: Linear Mode Connectivity

 Optimization: Non-convex loss is convexified by the quotient.
e Geometry: Neural network symmetry induced by activation.
 Probability: Optimal mixture irrelevant of initializations.

Before
“\ '\\ After

. Loss Bamer
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Conic Activation Functions A symmetry constraint on generative models for improved
generalization property and better learning and performance.

Linear Mode Connectivity: Generative Models

Before

Before Alignment

Fhassnt]]

0.0 0.1 0.2

0.8 0.9

4 0.5 0.6

Outputs of CNN with Image
interpolated parameters Histogram

After

After Alignment
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A symmetry constraint on generative models for improved

Conic Activation Functions generalization property and better learning and performance.

Linear Mode Connectivity: Generative Models

Animation: interpolation between parameters

INn a finetuned diffusion model
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Conclusion

ColLU is a symmetry constraint on generative models for improved
generalization property and better learning and performance.
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