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Setup: Potential Outcomes Framework

(Neyman 1923; D. Rubin 1974)

® Binary treatment W; € {0,1} - two potential outcomes: Y;(1) and Y;(0)

Individual treatment
v effect (ITE)

Yi(1) - Y:(0)
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Setup: Potential Outcomes Framework

® The fundamental problem of causal inference: Counterfactuals are not observed!

Y; = W;Yi(1) + (1 — W;)Y;(0)




Setup: Potential Outcomes Framework

® Treatments not randomly assigned: Propensity score > w(x) = P(W = 1|X = x)

Y; = W;Yi(1) + (1 — W;)Y;(0)




Problem: Valid Predictive Inference on ITEs

® Predictive Inference: Construct predictive intervals C(X,,.1) that cover ITEs
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P(Yp1(1) = Yn41(0) € C(Xnp1)) 2 1 —a

Individual treatment
v effect (ITE)
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Problem: Valid Predictive Inference on ITEs

® Predictive Inference: Construct predictive intervals C(X,,.1) that cover ITEs
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Proposed Method: Conformal Meta-Learners

Concept 1: Concept 2:
Pseudo-outcome Regression Conformal Prediction
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Concept 1: Pseudo-outcome Regression (Meta-learners)

(van der Laan 2006; E. Kennedy 2020 and others)

® Pseudo-outcomes: Transformations of (X, W, Y') that preserve conditional effects

Elp(X,W,Y)|X = 2] = E[Y (1) - Y(0)| X = z]

Inverse Propensity ¢ _ W—nm(X) Y
Weighting IPW " (X)) (1—m(X))
(X, W,Y)
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Concept 1: Pseudo-outcome Regression (Meta-learners)

(van der Laan 2006; E. Kennedy 2020 and others)

® Pseudo-outcomes: Transformations of (X, W, Y') that preserve conditional effects

Elp(X,W,Y)|X = 2] = E[Y (1) - Y(0)| X = z]

o(X,W,Y)
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Concept 1: Pseudo-outcome Regression (Meta-learners)

® Pseudo-outcomes: Transformations of (X, W, Y') that preserve conditional effects

Elp(X,W,Y)|X = 2] = E[Y (1) - Y(0)| X = z]

7(z) = E[Y (1) = Y(0)|X = z] » T(x) : Regress ¢(X,W,Y)on X

o(X,W,Y)




Concept 2: Conformal Prediction

® Conformal Prediction: A general approach for post-hoc predictive inference (V. Vovk 2012)

Finite-sample validity Model-free Distribution-free

Any fitted ML model

(point predictions) Conformal prediction
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Concept 2: Conformal Prediction

® Conformal Prediction: A general approach for post-hoc predictive inference (V. Vovk 2012)

Finite-sample validity Model-free Distribution-free
Any fitted ML model Conformal orediction Valid uncertainty
(point predictions) ormart predictio intervals
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Concept 2: Conformal Prediction
® Step 1: Train a machine learning model 7*(x) using {(X;,Y;(1) — Y;(0))}s

Oracle access to ITEs

> (X, Y(1) - Y(0))
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Concept 2: Conformal Prediction

® Step 2: Evaluate conformity scores on a held-out calibration set
Vi (7) = V(T(Xk), Yi(1) — Yi(0))
v Yi (1) — Y (0)




Concept 2: Conformal Prediction

® Step 3: Construct a predictive interval using the empirical quantile of conformity scores
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Concept 2: Conformal Prediction

® Step 3: Construct a predictive interval using the empirical quantile of conformity scores
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Method: Conformal Meta-learners

Concept 1: Concept 2:
Pseudo-outcome Regression Conformal Prediction
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Method: Conformal Meta-learners

® Key ldea: Apply CP to pseudo-outcomes instead of unobserved ITEs!

Vo i (T) = V(T(Xk), ¢(Xi, Wi, Yi))
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Method: Conformal Meta-learners

® Key ldea: Apply CP to pseudo-outcomes instead of unobserved ITEs.

AN

P(¢(Xn+17Wn+17Yn+1) S CSO(XTH-l)) >1-a

Pseudo-outcome

,” ---------- - -,“‘ CP band
~ .
¢(X, W, Y) Lmm Tl 2 Sseo b A
e - T 2Q1-a(Vy)
,’ :: l—a ¢
/, :
, Ll
,/
s
Q00 O 00 O ro\\li\ Q O Q00O O Q O OO0 0000




Method: Validity of Meta-learners via Stochastic Ordering Theory

® Under what conditions are predictive intervals for pseudo-outcomes valid for ITEs?

Conformity scores evaluated
on pseudo-outcome

Voo k(T) = V(7 (Xk), $( Xk, W, Yi))

Vo = Vi) Qi-alVy)

Pseudo-outcome
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Oracle Conformity scores
evaluated on true ITEs

V(™) = V(T (Xk), Yi(1) — Y (0))
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Method: Validity of Meta-learners via Stochastic Ordering Theory

® Sufficient condition for validity: First-order stochastic dominance!

Vo(T) = V(T)
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Method: Validity of Meta-learners via Stochastic Ordering Theory

® Unified analysis of validity of meta-learners = stochastic orders of V,,(7) and V*(7)

Meta-learner Pseudo-outcome
Kclearner bx = W(Y — (X)) + (1 — W)(@u(X) - Y)
IPW-learner Drow = W-n(X)

Inverse propensity weighted 7(X)(1-7(X))
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Method: Validity of Meta-learners via Stochastic Ordering Theory

Commonly-used meta-learners guarantee model-/distribution-free stochastic orders!

Meta-learner Stochastic orders of Conformity Scores
X-learner No distribution-free stochastic order!
%
IPW-learner V t(2) View

Inverse propensity weighted

DR-learner V* =(2) Vor

Doubly-robust learner




Results and Takeaway

(a) Empirical assessment of stochastic orders

DR-learner IPW-learner X-learner
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(c) Performance at different levels of target coverage
Empirical coverage Avg. interval length RMSE
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® TL;DR: Conformal meta-learners = valid predictive inference + accurate point predictions

(b) Coverage, efficiency and RMSE for Setup A (top) and Setup B (bottom)
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Conformal Meta-Learners for Predictive Inference of Individual Treatment Effects

Ahmed M. Alaa, Zaid Ahmad and Mark van der Laan

Problem

@ Potential outcomes (PO) framework: Each subject with feature X; has two
POs - Y;(0): outcome w/o treatment and Y;(1) : outcome w/ treatment.

@ Observational data: {(X;, W;,Y:)}:, W; € {0,1} is a treatment indicator,
Y: = WiYi(1) + (1 — W;)Y;(0) is the observed (factual) outcome.
Propensity score Y

w(z) = P(W=1|X =1z) waq

Individual treatment
effect (ITE)

w=0 Y (0)

Yi(1) - Y;(0)

@ Our goal: Valid predictive inference of ITEs...

Challenge: We never observe

[ P(Yu11(1) = Yout1(0) € C(Xn1)) 2 1 — ] the ITEs in our data!

Related Work: Two Key Ideas

[ romsore e ]|

(van der Laan 2006; E. Kennedy 2020 and others)

Conformal Prediction ]

(V. Vovk 2012)

@ General purpose method for post-
hoc ML-based predictive inference
7(X) ex)

@ |TEs are not observed - Replace w/
proximal pseudo-outcome ¥

E[p(X,W,Y)|X] = E[¥(1) - Y(0)|X]

Example: Inverse propensity weighting

_—

ML point predictions Valid predictive intervals

® Average treatment effects (ATE):
1 . @ How are intervals constructed?
G Z P(Xi, Wi, Yo) Empirical quantiles of conformity
f

B » » scores on a held-out calibration set
® “Meta-learners” for Conditional

average treatment effects (CATE):
Train an ML model on {(Xi,v:)}:

V(F(X),Y) Qv

Proposed Method: Conformal Meta-Learners

® Validity of conformal in regression -> Marginal coverage P(Yy41 € C(Xnt1)) > 1—a

Assumption: Exchangeability

Model-free of calibration and test data!

[ Finite-sample ][ ][ Distribution-free ]

@ Key Idea: Apply conformal prediction w/ pseudo-outcomes to construct intervals for ITEs

Step 3

Step 1 Step 2

Conformal calibration w.r.t Construct CP predictive bands

pseudo-outcomes

ML-based point estimates of
CATE + Nuisance estimates

o X, W}
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® Example: Doubly-Robust pseudo-outcomes ¢y, = 2000 = 7(X)

(Y = fw (X)) + (2 (X) = fio(X))

Stochastic Ordering Theory of Valid Inference

® Conformal prediction w/ pseudo-outcomes = P(¢(Xy+1, W1, Yas1) € Cp(Xns1)) 21— a
@ Under what conditions will these intervals be valid for ITEs?

[ Pseudo-outcome conformity scores ] [ “Oracle” conformity scores ]

Vi (7) = V(7(Xk): o ( Xk, Wi, Yi)) <::> Vi (F) = V(7(Xk). Yi(1) — Y2(0)
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Stochastic order

First-order stochastic dominance /' =}, G
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@ Stochastic dominance
(Shaked & Shanthikumar, 2007)

Second-order dominance F =, G
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A tool for comparing
distributions + Dual relation with
classes of preference functions

Main Results

® Theorem 1: Sufficient condition for validity of meta-learners

[ VEX), o(X, W,Y)) =y VEX),Y (1) - Y(0) ]

® Theorem 2: Stochastic orders of common meta-learners

X-learner

(Kunzel et al, 2019) Rty sgien for

1PW- and DR-learners &

No stochastic order! @ g
g ! :

i

IPW- & DR-learner g

(Kennedy, 2020)

V(7) Z) Vel(7)

Conformity score
@ |PW- & DR-learners: valid for high-probability target coverage
® Stochastic orders are model- and distribution-freel

Experiments

& Pros: Accurate point prediction + calibrated predictive intervals!

&5 Cons: Must know = (z) + CDF cutoff a® is unknown.
Experiments on synthetic data Experiments on real data (IHDP)

DRlearner

VAV VeV 4z

Conformity score

1PW-eamer Xlearner DR-learner 1PW-leamer Klearner

THDP

Coverage  Avg.len.  RMSE
Naive  089(002) 189 (404) 473 (1.00)
Exact 099(0.00) 29.8(7.60) 4.50(0.97)

Tnexact 061 (004) 849(136) 461 (0.99)

X 0650004 1100304 334(056)

IPW  099(000) 112(23.0) 199 (3.44)
DR 096(001) 167(330) 332(053)




