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a motivating example

Flexible wing aircraft:
® Boeing 787 Dreamliner

e B-521

Limit up
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1Vas and Farokhi, “Introduction to Transonic Aerodynamics”
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a motivating example

* (Large) Model for Aeroelastic Response to Gust Excitation

MARGE? LARGE?

® Goal: estimate aeroelastic modal displacements with
approximate model and unknown noise covariances

2[Quenzer, et. al. ’19]
3[Nguyen, et. al. ’20]
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a few estimation approaches

e full identification: [Zhang, ct. al. 20| IEEE access

— [Odelson ’03], [Rajamani, et. al. ’09] Autocovariance LS

— [Matisko, et. al. ’10], [Akesson, et. al. ’08], [Dunik, et. al. ’09],...
— [Hinson, et. al. '22] applied to LARGE
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® our approach: middle ground— known dynamics, unknown noise

‘ how to learn optimal estimation policy from output data?

estimation-control Duality —
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— [Umenberger, et. al. '22] — sublinear convergence

® our approach: middle ground— known dynamics, unknown noise

‘ how to learn optimal estimation policy from output data? ‘

estimation-control Duality —

control related works: [Fazel, et. al. ’18], [Bu, et. al. '19], [Mohammadi, et.
al. 21], [Zhao, et. al. '21], [Tang, et. al. "21], [Talebi, et. al. '22]...
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problem formulation

Consider
x(t+1) = Ax(t) + £(t)
y(t) = Ha(t) + w(t)
ES@)E)T = Q, Ew)w(t)" = R, Ex(0)x(0)" = Fy, &(t) Lw(s)
(A, H) known (possibly unstable) and @), R, Py unknown
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2eo(Y(t))
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problem formulation

Consider
x(t+1) = Ax(t) + £(t)
y(t) = Ha(t) + w(t)
EE)E(H)T = Q, Ew(t)w(®)" = R, Ezx(0)z(0)" = F, &(t) L w(s)
(A, H) known (possibly unstable) and @), R, Py unknown

Problem: given observations Y(t) = {y(0),y(1),...,y(t — 1)}, find
#(t) = argmin E|y(t) — Hz|?
zea(V(t))
® optimal MSE estimate Zy is Kalman filter:
Fu(t+1) = Abp(t) + LEO)(y(t) — Hap(h))
with Kalman gain L(t) = AP(t)HT(HP(t)HT + R)~! and
P(t+ 1) = Riccati(P(t),Q,R), P(0)=Fy
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estimation-control duality

e minimize an LQR cost over the backward adjoint dynamics

min Jr(ug) = 2T(0)Poz(0) + 31 2T()Qz(t) + uT (t) Ru(t)

sit. z(t) =ATz(t+1)—Hu(t+1), =2(T)=a
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estimation-control duality

e minimize an LQR cost over the backward adjoint dynamics

®)

st z(t) = ATz(t +1) — HTu(t + 1),

e estimation«—

SEAS @ Harvard

2(T) =a

ElaTx(T) — a2 (T)

2 Duility Iy

(Ut = L[L‘t)

Shahriar Talebi

Iilin — Jr(ug) = 2T(0)Pyz(0) + 21 2T(£)Qz(t) + uT () Ru(t)

— control
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(t)
sit. z(t) =ATz(t+1)—Hu(t+1), =2(T)=a

2 Duility Iy

e estimation«— |E|aTz(T) — aT21(T) (uy = Lay)

e the reparameterized problem: J(L) := limy_,o Jr (L)

T — T
min «— J(L) = tr [X() HTH],
s.t. X(L) ZALX(L)AE-I-Q-FLRLT
LeS={LeR"™:p(A—LH) <1}

I;lin — Jr(ug) = 2T(0)Pyz(0) + 21 2T(£)Qz(t) + uT () Ru(t)

— control

e define squared estimation error SE(L, Vr) := |y(T) — Har(T)|?

J(L) im E[SE(L, Vr)]

—00

Duality 1
T
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Stochastic Gradient Descent for estimation

the algorithm:
[Feed observations to the built stochastic oracle] Yr — VSE(L, Yr)

M
~ 1 .
[Approximate a biased noisy gradient] V.Jp(L) = i Z VSE(L,Y7)
i=1

[Run M-batch SGD]  Ljsq <« Ly — n:VJr(L)

4[Fazel; et. al. ’18] and similar LQR control works.
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Stochastic Gradient Descent for estimation

the algorithm:
[Feed observations to the built stochastic oracle] Yr — VSE(L, Yr)

[Approximate a biased noisy gradient] V.Jp (L) Z VLSE(L, Vk)

[Run M-batch SGD]  Ljsq <« Ly — n:VJr(L)

e comparison: control vs optimal estimation

Problem Parameters Constraints Gradient Oracle
cost value @ and R A and H stability S  model biased
4 known known unknown yes EJ(L +rA)A yes
A ~ U(Smn)
Estimation — unknown — unknown known yes EVSE(L,Y) yes
(this work) Y ~ output data
Vanila SGD  * * * no EVSE(L,Y) no

Y ~ data dist.

4[Fazel; et. al. ’18] and similar LQR control works.
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guarantees

Convergence [Informal]
Consider observable (A, H), bounded noise &(t),w(t), and small
stepsize. Then (w.p. = 1 —¢), SGD converges linearly and globally to
e-optimal Kalman gain if

* # of trajectories > O(In(1/0)/€?)

e trajectory length > O(In(1/¢))
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Consider observable (A, H), bounded noise &(t),w(t), and small
stepsize. Then (w.p. = 1 —¢), SGD converges linearly and globally to
e-optimal Kalman gain if

* # of trajectories > O(In(1/0)/€?)

e trajectory length > O(In(1/¢))

—SGD convergence with:
biased gradient, locally Lipschitz and stability constraint

—statistical bounds: with high prob

|V Ir(L) = VI(L)| < |VJr(L) = VIr(L)|+ |VJr(L) = VJI(L)]|

» »
~—

concentration truncation—bias
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numerical simulation

e The average optimality gap (average over 40 simulations) for
different (a) batch-size M and (b) trajectory length T

10° M=10 10° JWe) = J(Le) T=10
JL) =J(Ls) — M=20 Jt=)
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iteration iteration
(a) (b)
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numerical simulation

e The optimality gap at final iteration of every simulation as a
function of (a) batch-size M and (b) trajectory length T

10-1 JLe) —J(Ls)
' J(L<)
1072 : g 1072 .
8 i § +—4 st 102
07 | i i

JiLe) = J(Ls) 106
107 T

10° 102 20 40 60 80 100
M T
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e Future directions: “optimal” data usage, and perturbed systems
parameters
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