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Link Prediction

• Predict the interactions between nodes

social networks knowledge graph completion drug repurposing



Challenges

• Inductive setting

Train

Pierre Trudeau Margaret Trudeau

Justin Trudeau
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father of mother of

Test (a new graph)



Challenges

• Interpretability

• Query: Who is Justin Trudeau's mother?
• Answer: Margaret Trudeau

• Why?

Pierre Trudeau Margaret Trudeau

Justin Trudeau
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father of mother of



Challenges

• Large scale

Wikidata
87M entities
504M triplets

CBKH
2.4M nodes
48M edges



Traditional Methods

• Personalized PageRank
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• Graph distance
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Path Formulation

generalized 
summation 
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Path Formulation

⊕

⊗

Katz index

Personalized PageRank

Graph distance

Widest path

Most reliable path



Path Formulation

inductive
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not scalable
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Dynamic Programming

• 𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎 = 𝑎𝑎 𝑏𝑏 + 𝑐𝑐



Dynamic Programming

• 𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎 = 𝑎𝑎 𝑏𝑏 + 𝑐𝑐
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Dynamic Programming

power iteration

Bellman-Ford algorithm

Viterbi algorithm

etc.
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Generalized Bellman-Ford Algorithm

• Path formulation
𝒉𝒉𝑞𝑞 𝑢𝑢, 𝑣𝑣 = ��𝒘𝒘𝑞𝑞 𝑒𝑒

𝑃𝑃 ∈ 𝒫𝒫𝑢𝑢𝑢𝑢 𝑒𝑒 ∈ 𝑃𝑃
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0 𝑢𝑢, 𝑣𝑣 ← �

①𝑞𝑞 𝑢𝑢 = 𝑣𝑣
⓪𝑞𝑞 𝑢𝑢 ≠ 𝑣𝑣

𝒉𝒉𝑞𝑞
𝑡𝑡 𝑢𝑢, 𝑣𝑣 ← �𝒉𝒉 𝑡𝑡−1 𝑢𝑢, 𝑥𝑥 ⊗𝒘𝒘 𝑥𝑥, 𝑟𝑟, 𝑣𝑣 ⊕ 𝒉𝒉(0) 𝑢𝑢, 𝑣𝑣

𝑥𝑥, 𝑣𝑣 ∈ ℰ(𝑣𝑣)

boundary condition

Bellman-Ford iteration

𝑃𝑃 ∈ 𝒫𝒫𝑢𝑢𝑢𝑢 𝑒𝑒 ∈ 𝑃𝑃
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Neural Parameterization

• Generalized Bellman-Ford algorithm
𝒉𝒉𝑞𝑞

0 𝑢𝑢, 𝑣𝑣 ← 1𝑞𝑞(𝑢𝑢 = 𝑣𝑣)

𝒉𝒉𝑞𝑞
𝑡𝑡 𝑢𝑢, 𝑣𝑣 ← �𝒉𝒉𝑞𝑞

𝑡𝑡−1 𝑢𝑢, 𝑥𝑥 ⊗𝒘𝒘𝑞𝑞 𝑥𝑥, 𝑟𝑟, 𝑣𝑣 ⊕ 𝒉𝒉𝑞𝑞
0 (𝑢𝑢, 𝑣𝑣)

• Neural parameterization
• Single-source case: abbreviate 𝒉𝒉𝑞𝑞

(𝑡𝑡)(𝑢𝑢,𝑣𝑣) as 𝒉𝒉𝑣𝑣
(𝑡𝑡)

𝒉𝒉𝑣𝑣
0 ← Indicator 𝑢𝑢, 𝑣𝑣, 𝑞𝑞

𝒉𝒉𝑣𝑣
𝑡𝑡 ← Aggregate Message 𝒉𝒉𝑥𝑥

𝑡𝑡−1 ,𝒘𝒘𝑞𝑞 𝑥𝑥, 𝑟𝑟, 𝑣𝑣 𝑥𝑥, 𝑟𝑟, 𝑣𝑣 ∈ ℰ(𝑣𝑣) ∪ 𝒉𝒉𝑣𝑣
0

𝑥𝑥, 𝑣𝑣 ∈ ℰ(𝑣𝑣)
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• Indicator: learned embeddings for 𝑞𝑞
• Message: relational operators of KG embeddings (TransE/DistMult/RotatE etc.)
• Aggregate: permutation invariant function (sum/mean/max/PNA etc.)



Revisit Path Formulation

• Generalized Bellman-Ford algorithm
𝒉𝒉𝑞𝑞

0 𝑢𝑢, 𝑣𝑣 ← �𝒒𝒒 𝑢𝑢 = 𝑣𝑣
0 𝑢𝑢 ≠ 𝑣𝑣

𝒉𝒉𝑞𝑞
𝑡𝑡 𝑢𝑢, 𝑣𝑣 ← Aggregate Message 𝒉𝒉𝑞𝑞

𝑡𝑡−1 𝑢𝑢, 𝑥𝑥 ,𝒘𝒘𝑞𝑞 𝑥𝑥, 𝑟𝑟, 𝑣𝑣 ∪ 𝒉𝒉𝑣𝑣
0

• Path formulation
𝒉𝒉𝑞𝑞 𝑢𝑢, 𝑣𝑣 = Aggregate Message … Message 𝒒𝒒, 𝑟𝑟1 , … 𝑟𝑟𝑡𝑡

𝑡𝑡 = 0

∞

𝑡𝑡 Message



Revisit Path Formulation

• NBFNet

Permutation 
invariant 

aggregation

Chain of relational operators



Interpretation
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Results

• Knowledge graph completion



Results

• Homogeneous link prediction



Results

• Inductive relation prediction



Interpretation on FB15k-237

• Query:
• ⟨Florence, vacationer, D.C. Henrie⟩

• Interpretation:
• 0.251   ⟨Florence, contain-1, Italy⟩ ∧ ⟨Italy, capital, Rome⟩ ∧

⟨Rome, vacationer, D.C. Henrie⟩
• 0.183   ⟨Florence, place live-1, G.F. Handel⟩ ∧

⟨G.F. Handel, live in, Rome⟩ ∧ ⟨Rome, vacationer, D.C. Henrie⟩



Summary

• Generalize/transfer to unseen graphs with the same semantics
• Interpret predictions via top weighted paths
• Scalable compared to path-based methods and GNNs
• Super parameter efficient compared to popular embedding methods
• Verified on several link prediction tasks and datasets
• Verified in OGB large scale competition (rank 12 out of 39 teams)

• Source code: https://github.com/DeepGraphLearning/NBFNet

https://github.com/DeepGraphLearning/NBFNet
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