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Lipschitz Constant of Neural Networks

I Definition: the smallest L2 such that

‖f(x)− f(y)‖2 ≤ L2‖x− y‖2 ∀x, y ∈ Rnx

where f : Rnx → Rny is represented by a NN

I Why important: tight upper bound on L2 useful in

– Robustness certification of classifiers
– Closed-loop stability analysis of systems with neural network controllers
– Robust training
– Generalization bounds

I Challenge: finding L2 is NP-hard
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Robustness Certification of Classifiers

Linear Linear Linear f(x)
<latexit sha1_base64="k7ufXGKAt77G/FaPA5tscWX9PSc=">AAAB7XicbVA9TwJBEJ3DL8Qv1NJmI5hgQ+6w0MKCxMYSE/lI4EL2lj1Y2du97O4ZyYX/YGOhMbb+Hzv/jQtcoeBLJnl5byYz84KYM21c99vJra1vbG7ltws7u3v7B8XDo5aWiSK0SSSXqhNgTTkTtGmY4bQTK4qjgNN2ML6Z+e1HqjST4t5MYupHeChYyAg2VmqVw8rTeblfLLlVdw60SryMlCBDo1/86g0kSSIqDOFY667nxsZPsTKMcDot9BJNY0zGeEi7lgocUe2n82un6MwqAxRKZUsYNFd/T6Q40noSBbYzwmakl72Z+J/XTUx45adMxImhgiwWhQlHRqLZ62jAFCWGTyzBRDF7KyIjrDAxNqCCDcFbfnmVtGpV76Lq3dVK9essjjycwClUwINLqMMtNKAJBB7gGV7hzZHOi/PufCxac042cwx/4Hz+ACPVjig=</latexit>

f(x?)
<latexit sha1_base64="j3AFkUraq/AuU1MJs5rROJBN+MY=">AAAB83icbZBNT8JAEIan+IX4hXr00ggmeCEtFz2SePGIiXwktJLtsoUN222zOzWShr/hxYPGePXPePPfuEAPCr7JJk/emcnMvkEiuEbH+bYKG5tb2zvF3dLe/sHhUfn4pKPjVFHWprGIVS8gmgkuWRs5CtZLFCNRIFg3mNzM691HpjSP5T1OE+ZHZCR5yClBY3nVsPb04Gkk6rI6KFecurOQvQ5uDhXI1RqUv7xhTNOISaSCaN13nQT9jCjkVLBZyUs1SwidkBHrG5QkYtrPFjfP7AvjDO0wVuZJtBfu74mMRFpPo8B0RgTHerU2N/+r9VMMr/2MyyRFJulyUZgKG2N7HoA95IpRFFMDhCpubrXpmChC0cRUMiG4q19eh06j7hq+a1SazTyOIpzBOdTAhStowi20oA0UEniGV3izUuvFerc+lq0FK585hT+yPn8Ay5mQ2Q==</latexit><latexit sha1_base64="j3AFkUraq/AuU1MJs5rROJBN+MY=">AAAB83icbZBNT8JAEIan+IX4hXr00ggmeCEtFz2SePGIiXwktJLtsoUN222zOzWShr/hxYPGePXPePPfuEAPCr7JJk/emcnMvkEiuEbH+bYKG5tb2zvF3dLe/sHhUfn4pKPjVFHWprGIVS8gmgkuWRs5CtZLFCNRIFg3mNzM691HpjSP5T1OE+ZHZCR5yClBY3nVsPb04Gkk6rI6KFecurOQvQ5uDhXI1RqUv7xhTNOISaSCaN13nQT9jCjkVLBZyUs1SwidkBHrG5QkYtrPFjfP7AvjDO0wVuZJtBfu74mMRFpPo8B0RgTHerU2N/+r9VMMr/2MyyRFJulyUZgKG2N7HoA95IpRFFMDhCpubrXpmChC0cRUMiG4q19eh06j7hq+a1SazTyOIpzBOdTAhStowi20oA0UEniGV3izUuvFerc+lq0FK585hT+yPn8Ay5mQ2Q==</latexit><latexit sha1_base64="j3AFkUraq/AuU1MJs5rROJBN+MY=">AAAB83icbZBNT8JAEIan+IX4hXr00ggmeCEtFz2SePGIiXwktJLtsoUN222zOzWShr/hxYPGePXPePPfuEAPCr7JJk/emcnMvkEiuEbH+bYKG5tb2zvF3dLe/sHhUfn4pKPjVFHWprGIVS8gmgkuWRs5CtZLFCNRIFg3mNzM691HpjSP5T1OE+ZHZCR5yClBY3nVsPb04Gkk6rI6KFecurOQvQ5uDhXI1RqUv7xhTNOISaSCaN13nQT9jCjkVLBZyUs1SwidkBHrG5QkYtrPFjfP7AvjDO0wVuZJtBfu74mMRFpPo8B0RgTHerU2N/+r9VMMr/2MyyRFJulyUZgKG2N7HoA95IpRFFMDhCpubrXpmChC0cRUMiG4q19eh06j7hq+a1SazTyOIpzBOdTAhStowi20oA0UEniGV3izUuvFerc+lq0FK585hT+yPn8Ay5mQ2Q==</latexit><latexit sha1_base64="j3AFkUraq/AuU1MJs5rROJBN+MY=">AAAB83icbZBNT8JAEIan+IX4hXr00ggmeCEtFz2SePGIiXwktJLtsoUN222zOzWShr/hxYPGePXPePPfuEAPCr7JJk/emcnMvkEiuEbH+bYKG5tb2zvF3dLe/sHhUfn4pKPjVFHWprGIVS8gmgkuWRs5CtZLFCNRIFg3mNzM691HpjSP5T1OE+ZHZCR5yClBY3nVsPb04Gkk6rI6KFecurOQvQ5uDhXI1RqUv7xhTNOISaSCaN13nQT9jCjkVLBZyUs1SwidkBHrG5QkYtrPFjfP7AvjDO0wVuZJtBfu74mMRFpPo8B0RgTHerU2N/+r9VMMr/2MyyRFJulyUZgKG2N7HoA95IpRFFMDhCpubrXpmChC0cRUMiG4q19eh06j7hq+a1SazTyOIpzBOdTAhStowi20oA0UEniGV3izUuvFerc+lq0FK585hT+yPn8Ay5mQ2Q==</latexit>x?

<latexit sha1_base64="1HSaP89i6ZNuxL6ngZHnK0kxsVM=">AAAB8HicbZA9T8MwEIYvfJbyVWBkiWiRmKqkC4yVWBiLRD9QGyrHdVqrthPZF0QV9VewMIAQKz+HjX+D22aAlley9Oi9O/nuDRPBDXret7O2vrG5tV3YKe7u7R8clo6OWyZONWVNGotYd0JimOCKNZGjYJ1EMyJDwdrh+HpWbz8ybXis7nCSsECSoeIRpwStdV95eugZJLrSL5W9qjeXuwp+DmXI1eiXvnqDmKaSKaSCGNP1vQSDjGjkVLBpsZcalhA6JkPWtaiIZCbI5gtP3XPrDNwo1vYpdOfu74mMSGMmMrSdkuDILNdm5n+1borRVZBxlaTIFF18FKXCxdidXe8OuGYUxcQCoZrbXV06IppQtBkVbQj+8smr0KpVfcu3tXK9nsdRgFM4gwvw4RLqcAMNaAIFCc/wCm+Odl6cd+dj0brm5DMn8EfO5w8+Z5AE</latexit><latexit sha1_base64="1HSaP89i6ZNuxL6ngZHnK0kxsVM=">AAAB8HicbZA9T8MwEIYvfJbyVWBkiWiRmKqkC4yVWBiLRD9QGyrHdVqrthPZF0QV9VewMIAQKz+HjX+D22aAlley9Oi9O/nuDRPBDXret7O2vrG5tV3YKe7u7R8clo6OWyZONWVNGotYd0JimOCKNZGjYJ1EMyJDwdrh+HpWbz8ybXis7nCSsECSoeIRpwStdV95eugZJLrSL5W9qjeXuwp+DmXI1eiXvnqDmKaSKaSCGNP1vQSDjGjkVLBpsZcalhA6JkPWtaiIZCbI5gtP3XPrDNwo1vYpdOfu74mMSGMmMrSdkuDILNdm5n+1borRVZBxlaTIFF18FKXCxdidXe8OuGYUxcQCoZrbXV06IppQtBkVbQj+8smr0KpVfcu3tXK9nsdRgFM4gwvw4RLqcAMNaAIFCc/wCm+Odl6cd+dj0brm5DMn8EfO5w8+Z5AE</latexit><latexit sha1_base64="1HSaP89i6ZNuxL6ngZHnK0kxsVM=">AAAB8HicbZA9T8MwEIYvfJbyVWBkiWiRmKqkC4yVWBiLRD9QGyrHdVqrthPZF0QV9VewMIAQKz+HjX+D22aAlley9Oi9O/nuDRPBDXret7O2vrG5tV3YKe7u7R8clo6OWyZONWVNGotYd0JimOCKNZGjYJ1EMyJDwdrh+HpWbz8ybXis7nCSsECSoeIRpwStdV95eugZJLrSL5W9qjeXuwp+DmXI1eiXvnqDmKaSKaSCGNP1vQSDjGjkVLBpsZcalhA6JkPWtaiIZCbI5gtP3XPrDNwo1vYpdOfu74mMSGMmMrSdkuDILNdm5n+1borRVZBxlaTIFF18FKXCxdidXe8OuGYUxcQCoZrbXV06IppQtBkVbQj+8smr0KpVfcu3tXK9nsdRgFM4gwvw4RLqcAMNaAIFCc/wCm+Odl6cd+dj0brm5DMn8EfO5w8+Z5AE</latexit><latexit sha1_base64="1HSaP89i6ZNuxL6ngZHnK0kxsVM=">AAAB8HicbZA9T8MwEIYvfJbyVWBkiWiRmKqkC4yVWBiLRD9QGyrHdVqrthPZF0QV9VewMIAQKz+HjX+D22aAlley9Oi9O/nuDRPBDXret7O2vrG5tV3YKe7u7R8clo6OWyZONWVNGotYd0JimOCKNZGjYJ1EMyJDwdrh+HpWbz8ybXis7nCSsECSoeIRpwStdV95eugZJLrSL5W9qjeXuwp+DmXI1eiXvnqDmKaSKaSCGNP1vQSDjGjkVLBpsZcalhA6JkPWtaiIZCbI5gtP3XPrDNwo1vYpdOfu74mMSGMmMrSdkuDILNdm5n+1borRVZBxlaTIFF18FKXCxdidXe8OuGYUxcQCoZrbXV06IppQtBkVbQj+8smr0KpVfcu3tXK9nsdRgFM4gwvw4RLqcAMNaAIFCc/wCm+Odl6cd+dj0brm5DMn8EfO5w8+Z5AE</latexit>

kx � x?k2  ✏
<latexit sha1_base64="DoHRRz7mM2yqCp0yK1NCedRVspQ=">AAACCHicbZC7TsMwFIadcivlFmBkwKJFYqFKusBYiYWxSPQiNSVy3NPWquME20Gt0o4svAoLAwix8ghsvA3uZYCWX7L06T/n6Pj8QcyZ0o7zbWVWVtfWN7Kbua3tnd09e/+gpqJEUqjSiEeyERAFnAmoaqY5NGIJJAw41IP+1aRefwCpWCRu9TCGVki6gnUYJdpYvn1c8EaD88GdpzSR3sgvYY/DPfYgVoxHouDbeafoTIWXwZ1DHs1V8e0vrx3RJAShKSdKNV0n1q2USM0oh3HOSxTEhPZJF5oGBQlBtdLpIWN8apw27kTSPKHx1P09kZJQqWEYmM6Q6J5arE3M/2rNRHcuWykTcaJB0NmiTsKxjvAkFdxmEqjmQwOESmb+immPSEK1yS5nQnAXT16GWqnoGr4p5cvleRxZdIRO0Bly0QUqo2tUQVVE0SN6Rq/ozXqyXqx362PWmrHmM4foj6zPH8u1mSs=</latexit><latexit sha1_base64="DoHRRz7mM2yqCp0yK1NCedRVspQ=">AAACCHicbZC7TsMwFIadcivlFmBkwKJFYqFKusBYiYWxSPQiNSVy3NPWquME20Gt0o4svAoLAwix8ghsvA3uZYCWX7L06T/n6Pj8QcyZ0o7zbWVWVtfWN7Kbua3tnd09e/+gpqJEUqjSiEeyERAFnAmoaqY5NGIJJAw41IP+1aRefwCpWCRu9TCGVki6gnUYJdpYvn1c8EaD88GdpzSR3sgvYY/DPfYgVoxHouDbeafoTIWXwZ1DHs1V8e0vrx3RJAShKSdKNV0n1q2USM0oh3HOSxTEhPZJF5oGBQlBtdLpIWN8apw27kTSPKHx1P09kZJQqWEYmM6Q6J5arE3M/2rNRHcuWykTcaJB0NmiTsKxjvAkFdxmEqjmQwOESmb+immPSEK1yS5nQnAXT16GWqnoGr4p5cvleRxZdIRO0Bly0QUqo2tUQVVE0SN6Rq/ozXqyXqx362PWmrHmM4foj6zPH8u1mSs=</latexit><latexit sha1_base64="DoHRRz7mM2yqCp0yK1NCedRVspQ=">AAACCHicbZC7TsMwFIadcivlFmBkwKJFYqFKusBYiYWxSPQiNSVy3NPWquME20Gt0o4svAoLAwix8ghsvA3uZYCWX7L06T/n6Pj8QcyZ0o7zbWVWVtfWN7Kbua3tnd09e/+gpqJEUqjSiEeyERAFnAmoaqY5NGIJJAw41IP+1aRefwCpWCRu9TCGVki6gnUYJdpYvn1c8EaD88GdpzSR3sgvYY/DPfYgVoxHouDbeafoTIWXwZ1DHs1V8e0vrx3RJAShKSdKNV0n1q2USM0oh3HOSxTEhPZJF5oGBQlBtdLpIWN8apw27kTSPKHx1P09kZJQqWEYmM6Q6J5arE3M/2rNRHcuWykTcaJB0NmiTsKxjvAkFdxmEqjmQwOESmb+immPSEK1yS5nQnAXT16GWqnoGr4p5cvleRxZdIRO0Bly0QUqo2tUQVVE0SN6Rq/ozXqyXqx362PWmrHmM4foj6zPH8u1mSs=</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="p3GAkxepYK0/hd8vlF9v81bI25M=">AAAB/XicbZBLTwIxFIXv4AsRFd26sBFM3Ehm2OjSxI1LTOSRMEg65QINnc7YdgwEWLrxr7hxoTH+DXf+G8tjoeBJmnw5p83tPUEsuDau++2k1tY3NrfS25md7O7efu4gW9VRohhWWCQiVQ+oRsElVgw3AuuxQhoGAmtB/3qa1x5RaR7JOzOMsRnSruQdzqixVit3XPDHg/PBva8NVf64VSK+wAfiY6y5iGShlcu7RXcmsgreAvKwULmV+/LbEUtClIYJqnXDc2PTHFFlOBM4yfiJxpiyPu1iw6KkIermaLbIhJxap006kbJHGjJzf78Y0VDrYRjYmyE1Pb2cTc3/skZiOpfNEZdxYlCy+aBOIoiJyLQV0uYKmRFDC5Qpbv9KWI8qyoztLmNL8JZXXoVqqehZvnUhDUdwAmfgwQVcwQ2UoQIMnuAF3uDdeXZenY95XSln0dsh/JHz+QM32Je8</latexit><latexit sha1_base64="p3GAkxepYK0/hd8vlF9v81bI25M=">AAAB/XicbZBLTwIxFIXv4AsRFd26sBFM3Ehm2OjSxI1LTOSRMEg65QINnc7YdgwEWLrxr7hxoTH+DXf+G8tjoeBJmnw5p83tPUEsuDau++2k1tY3NrfS25md7O7efu4gW9VRohhWWCQiVQ+oRsElVgw3AuuxQhoGAmtB/3qa1x5RaR7JOzOMsRnSruQdzqixVit3XPDHg/PBva8NVf64VSK+wAfiY6y5iGShlcu7RXcmsgreAvKwULmV+/LbEUtClIYJqnXDc2PTHFFlOBM4yfiJxpiyPu1iw6KkIermaLbIhJxap006kbJHGjJzf78Y0VDrYRjYmyE1Pb2cTc3/skZiOpfNEZdxYlCy+aBOIoiJyLQV0uYKmRFDC5Qpbv9KWI8qyoztLmNL8JZXXoVqqehZvnUhDUdwAmfgwQVcwQ2UoQIMnuAF3uDdeXZenY95XSln0dsh/JHz+QM32Je8</latexit><latexit sha1_base64="PsaHGvPWV2KMb4TyqF9oOMdYXqg=">AAACCHicbZC7TsMwFIadcivlFmBkwKJFYqFKusBYiYWxSPQiNSVy3NPWquME20Gt0o4svAoLAwix8ghsvA3uZYCWX7L06T/n6Pj8QcyZ0o7zbWVWVtfWN7Kbua3tnd09e/+gpqJEUqjSiEeyERAFnAmoaqY5NGIJJAw41IP+1aRefwCpWCRu9TCGVki6gnUYJdpYvn1c8EaD88GdpzSR3sgvYY/DPfYgVoxHouDbeafoTIWXwZ1DHs1V8e0vrx3RJAShKSdKNV0n1q2USM0oh3HOSxTEhPZJF5oGBQlBtdLpIWN8apw27kTSPKHx1P09kZJQqWEYmM6Q6J5arE3M/2rNRHcuWykTcaJB0NmiTsKxjvAkFdxmEqjmQwOESmb+immPSEK1yS5nQnAXT16GWqnoGr5x8uXyPI4sOkIn6Ay56AKV0TWqoCqi6BE9o1f0Zj1ZL9a79TFrzVjzmUP0R9bnD8sVmSk=</latexit><latexit sha1_base64="DoHRRz7mM2yqCp0yK1NCedRVspQ=">AAACCHicbZC7TsMwFIadcivlFmBkwKJFYqFKusBYiYWxSPQiNSVy3NPWquME20Gt0o4svAoLAwix8ghsvA3uZYCWX7L06T/n6Pj8QcyZ0o7zbWVWVtfWN7Kbua3tnd09e/+gpqJEUqjSiEeyERAFnAmoaqY5NGIJJAw41IP+1aRefwCpWCRu9TCGVki6gnUYJdpYvn1c8EaD88GdpzSR3sgvYY/DPfYgVoxHouDbeafoTIWXwZ1DHs1V8e0vrx3RJAShKSdKNV0n1q2USM0oh3HOSxTEhPZJF5oGBQlBtdLpIWN8apw27kTSPKHx1P09kZJQqWEYmM6Q6J5arE3M/2rNRHcuWykTcaJB0NmiTsKxjvAkFdxmEqjmQwOESmb+immPSEK1yS5nQnAXT16GWqnoGr4p5cvleRxZdIRO0Bly0QUqo2tUQVVE0SN6Rq/ozXqyXqx362PWmrHmM4foj6zPH8u1mSs=</latexit><latexit sha1_base64="DoHRRz7mM2yqCp0yK1NCedRVspQ=">AAACCHicbZC7TsMwFIadcivlFmBkwKJFYqFKusBYiYWxSPQiNSVy3NPWquME20Gt0o4svAoLAwix8ghsvA3uZYCWX7L06T/n6Pj8QcyZ0o7zbWVWVtfWN7Kbua3tnd09e/+gpqJEUqjSiEeyERAFnAmoaqY5NGIJJAw41IP+1aRefwCpWCRu9TCGVki6gnUYJdpYvn1c8EaD88GdpzSR3sgvYY/DPfYgVoxHouDbeafoTIWXwZ1DHs1V8e0vrx3RJAShKSdKNV0n1q2USM0oh3HOSxTEhPZJF5oGBQlBtdLpIWN8apw27kTSPKHx1P09kZJQqWEYmM6Q6J5arE3M/2rNRHcuWykTcaJB0NmiTsKxjvAkFdxmEqjmQwOESmb+immPSEK1yS5nQnAXT16GWqnoGr4p5cvleRxZdIRO0Bly0QUqo2tUQVVE0SN6Rq/ozXqyXqx362PWmrHmM4foj6zPH8u1mSs=</latexit><latexit sha1_base64="DoHRRz7mM2yqCp0yK1NCedRVspQ=">AAACCHicbZC7TsMwFIadcivlFmBkwKJFYqFKusBYiYWxSPQiNSVy3NPWquME20Gt0o4svAoLAwix8ghsvA3uZYCWX7L06T/n6Pj8QcyZ0o7zbWVWVtfWN7Kbua3tnd09e/+gpqJEUqjSiEeyERAFnAmoaqY5NGIJJAw41IP+1aRefwCpWCRu9TCGVki6gnUYJdpYvn1c8EaD88GdpzSR3sgvYY/DPfYgVoxHouDbeafoTIWXwZ1DHs1V8e0vrx3RJAShKSdKNV0n1q2USM0oh3HOSxTEhPZJF5oGBQlBtdLpIWN8apw27kTSPKHx1P09kZJQqWEYmM6Q6J5arE3M/2rNRHcuWykTcaJB0NmiTsKxjvAkFdxmEqjmQwOESmb+immPSEK1yS5nQnAXT16GWqnoGr4p5cvleRxZdIRO0Bly0QUqo2tUQVVE0SN6Rq/ozXqyXqx362PWmrHmM4foj6zPH8u1mSs=</latexit><latexit sha1_base64="DoHRRz7mM2yqCp0yK1NCedRVspQ=">AAACCHicbZC7TsMwFIadcivlFmBkwKJFYqFKusBYiYWxSPQiNSVy3NPWquME20Gt0o4svAoLAwix8ghsvA3uZYCWX7L06T/n6Pj8QcyZ0o7zbWVWVtfWN7Kbua3tnd09e/+gpqJEUqjSiEeyERAFnAmoaqY5NGIJJAw41IP+1aRefwCpWCRu9TCGVki6gnUYJdpYvn1c8EaD88GdpzSR3sgvYY/DPfYgVoxHouDbeafoTIWXwZ1DHs1V8e0vrx3RJAShKSdKNV0n1q2USM0oh3HOSxTEhPZJF5oGBQlBtdLpIWN8apw27kTSPKHx1P09kZJQqWEYmM6Q6J5arE3M/2rNRHcuWykTcaJB0NmiTsKxjvAkFdxmEqjmQwOESmb+immPSEK1yS5nQnAXT16GWqnoGr4p5cvleRxZdIRO0Bly0QUqo2tUQVVE0SN6Rq/ozXqyXqx362PWmrHmM4foj6zPH8u1mSs=</latexit><latexit sha1_base64="DoHRRz7mM2yqCp0yK1NCedRVspQ=">AAACCHicbZC7TsMwFIadcivlFmBkwKJFYqFKusBYiYWxSPQiNSVy3NPWquME20Gt0o4svAoLAwix8ghsvA3uZYCWX7L06T/n6Pj8QcyZ0o7zbWVWVtfWN7Kbua3tnd09e/+gpqJEUqjSiEeyERAFnAmoaqY5NGIJJAw41IP+1aRefwCpWCRu9TCGVki6gnUYJdpYvn1c8EaD88GdpzSR3sgvYY/DPfYgVoxHouDbeafoTIWXwZ1DHs1V8e0vrx3RJAShKSdKNV0n1q2USM0oh3HOSxTEhPZJF5oGBQlBtdLpIWN8apw27kTSPKHx1P09kZJQqWEYmM6Q6J5arE3M/2rNRHcuWykTcaJB0NmiTsKxjvAkFdxmEqjmQwOESmb+immPSEK1yS5nQnAXT16GWqnoGr4p5cvleRxZdIRO0Bly0QUqo2tUQVVE0SN6Rq/ozXqyXqx362PWmrHmM4foj6zPH8u1mSs=</latexit><latexit sha1_base64="DoHRRz7mM2yqCp0yK1NCedRVspQ=">AAACCHicbZC7TsMwFIadcivlFmBkwKJFYqFKusBYiYWxSPQiNSVy3NPWquME20Gt0o4svAoLAwix8ghsvA3uZYCWX7L06T/n6Pj8QcyZ0o7zbWVWVtfWN7Kbua3tnd09e/+gpqJEUqjSiEeyERAFnAmoaqY5NGIJJAw41IP+1aRefwCpWCRu9TCGVki6gnUYJdpYvn1c8EaD88GdpzSR3sgvYY/DPfYgVoxHouDbeafoTIWXwZ1DHs1V8e0vrx3RJAShKSdKNV0n1q2USM0oh3HOSxTEhPZJF5oGBQlBtdLpIWN8apw27kTSPKHx1P09kZJQqWEYmM6Q6J5arE3M/2rNRHcuWykTcaJB0NmiTsKxjvAkFdxmEqjmQwOESmb+immPSEK1yS5nQnAXT16GWqnoGr4p5cvleRxZdIRO0Bly0QUqo2tUQVVE0SN6Rq/ozXqyXqx362PWmrHmM4foj6zPH8u1mSs=</latexit> kf(x) � f(x?)k2  �

<latexit sha1_base64="kcW+Rnzd5H2LQ0zdmiQW/3R8W1g=">AAACDHicbVDLTgIxFO34RHyhLt00gokuJDO40CWJG5eYyCNhkHTKHWjsPGzvGAnwAW78FTcuNMatH+DOv7HALBQ8SZuTc85Ne48XS6HRtr+thcWl5ZXVzFp2fWNzazu3s1vTUaI4VHkkI9XwmAYpQqiiQAmNWAELPAl17/Zi7NfvQWkRhdfYj6EVsG4ofMEZGqmdyxfcoX/0cHxirhtXI1PH7rBdoq6EO+p2QCIrmJRdtCeg88RJSZ6kqLRzX24n4kkAIXLJtG46doytAVMouIRR1k00xIzfsi40DQ1ZALo1mCwzoodG6VA/UuaESCfq74kBC7TuB55JBgx7etYbi/95zQT989ZAhHGCEPLpQ34iKUZ03AztCAUcZd8QxpUwf6W8xxTjaPrLmhKc2ZXnSa1UdE6LzlUpXy6ndWTIPjkgR8QhZ6RMLkmFVAknj+SZvJI368l6sd6tj2l0wUpn9sgfWJ8/PGqZ1A==</latexit>

x
<latexit sha1_base64="BmVm2kBoL99/m27NxkUbvUDufsI=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORksSG0uM8pHAhewte7Bhb++yO2ckF36CjYXG2PqL7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJjfzeueRayNi9YDThPsRHSkRCkbRWvfVp+qgXHFr7kJkHbwcKpCrOSh/9YcxSyOukElqTM9zE/QzqlEwyWelfmp4QtmEjnjPoqIRN362WHVGLqwzJGGs7VNIFu7viYxGxkyjwHZGFMdmtTY3/6v1Ugyv/UyoJEWu2PKjMJUEYzK/mwyF5gzl1AJlWthdCRtTTRnadEo2BG/15HVo12ue5bt6pdHI4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzpvDjvzseyteDkM6fwR87nD5y6jVQ=</latexit><latexit sha1_base64="BmVm2kBoL99/m27NxkUbvUDufsI=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORksSG0uM8pHAhewte7Bhb++yO2ckF36CjYXG2PqL7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJjfzeueRayNi9YDThPsRHSkRCkbRWvfVp+qgXHFr7kJkHbwcKpCrOSh/9YcxSyOukElqTM9zE/QzqlEwyWelfmp4QtmEjnjPoqIRN362WHVGLqwzJGGs7VNIFu7viYxGxkyjwHZGFMdmtTY3/6v1Ugyv/UyoJEWu2PKjMJUEYzK/mwyF5gzl1AJlWthdCRtTTRnadEo2BG/15HVo12ue5bt6pdHI4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzpvDjvzseyteDkM6fwR87nD5y6jVQ=</latexit><latexit sha1_base64="BmVm2kBoL99/m27NxkUbvUDufsI=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORksSG0uM8pHAhewte7Bhb++yO2ckF36CjYXG2PqL7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJjfzeueRayNi9YDThPsRHSkRCkbRWvfVp+qgXHFr7kJkHbwcKpCrOSh/9YcxSyOukElqTM9zE/QzqlEwyWelfmp4QtmEjnjPoqIRN362WHVGLqwzJGGs7VNIFu7viYxGxkyjwHZGFMdmtTY3/6v1Ugyv/UyoJEWu2PKjMJUEYzK/mwyF5gzl1AJlWthdCRtTTRnadEo2BG/15HVo12ue5bt6pdHI4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzpvDjvzseyteDkM6fwR87nD5y6jVQ=</latexit><latexit sha1_base64="BmVm2kBoL99/m27NxkUbvUDufsI=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORksSG0uM8pHAhewte7Bhb++yO2ckF36CjYXG2PqL7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJjfzeueRayNi9YDThPsRHSkRCkbRWvfVp+qgXHFr7kJkHbwcKpCrOSh/9YcxSyOukElqTM9zE/QzqlEwyWelfmp4QtmEjnjPoqIRN362WHVGLqwzJGGs7VNIFu7viYxGxkyjwHZGFMdmtTY3/6v1Ugyv/UyoJEWu2PKjMJUEYzK/mwyF5gzl1AJlWthdCRtTTRnadEo2BG/15HVo12ue5bt6pdHI4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzpvDjvzseyteDkM6fwR87nD5y6jVQ=</latexit>

kf(x) � f(x?)k2  L2kx � x?k2
<latexit sha1_base64="TZXeUxHiiPOPf+dFoMuZUOCv/+8=">AAACGXicbZC7TsMwFIYdrqXcAowsFi1SO7RKygBjJRYGhiLRi9SEyHGd1qpzwXZQq7SvwcKrsDCAECNMvA1OmwFajmTr0/+fI/v8bsSokIbxra2srq1vbOa28ts7u3v7+sFhS4Qxx6SJQxbyjosEYTQgTUklI52IE+S7jLTd4WXqtx8IFzQMbuU4IraP+gH1KEZSSY5uFK2JVxqVK+q6s4REvGxNnBq0GLmH1ylMRpXMSY2ioxeMqjEruAxmBgWQVcPRP61eiGOfBBIzJETXNCJpJ4hLihmZ5q1YkAjhIeqTrsIA+UTYyWyzKTxVSg96IVcnkHCm/p5IkC/E2HdVp4/kQCx6qfif142ld2EnNIhiSQI8f8iLGZQhTGOCPcoJlmysAGFO1V8hHiCOsFRh5lUI5uLKy9CqVc2zqnlTK9TrWRw5cAxOQAmY4BzUwRVogCbA4BE8g1fwpj1pL9q79jFvXdGymSPwp7SvH4KVnr8=</latexit>

activations activations

✏
<latexit sha1_base64="i4udT/drOOO6oO7noIEGU/CaHW4=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsspCSxscREwAgXsrfMwYa9vcvungm58C9sLDTG1n9j579xgSsUfMkkL+/NZGZekAiujet+O4WNza3tneJuaW//4PCofHzS0XGqGLZZLGL1EFCNgktsG24EPiQKaRQI7AaTm7nffUKleSzvzTRBP6IjyUPOqLHSY7WPieYiltVBueLW3AXIOvFyUoEcrUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4uIZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSZs+BmXSWpQsuWiMBXExGT+PhlyhcyIqSWUKW5vJWxMFWXGhlSyIXirL6+TTr3mXdW8u3ql2cjjKMIZnMMleHANTbiFFrSBgYRneIU3RzsvzrvzsWwtOPnMKfyB8/kDBdqQcw==</latexit> �

<latexit sha1_base64="7vRx4A6LElEKTYMBacNXemCuKD8=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaCUBG8sI5gOSI+xt5pIle3vn7p4QjvwJGwtFbP07dv4bN8kVmvhg4PHeDDPzgkRwbVz321lb39jc2i7sFHf39g8OS0fHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKnUpvgMLQSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjVAaJqjWXc9NjJ9RZTgTOC32Uo0JZWM6xK6lkkao/Wx+75ScW2VAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY8GXCFzIiJJZQpbm8lbEQVZcZGVLQheMsvr5JWrepdVr37Wrl+k8dRgFM4gwvw4ArqcAcNaAIDAc/wCm/Oo/PivDsfi9Y1J585gT9wPn8ASyOPdQ==</latexit>

Lower Lipschitz constant implies more robustness
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Estimation of Lipschitz Constant

I Feed-forward fully-connected neural network

xk+1 = φ(W kxk + bk) k = 0, · · · , `− 1 f(x0) =W `x` + b`

I Product of norms (
∏`

k=0 ‖W k‖2) is overly conservative

I We improve this bound by orders of magnitude using convex optimization

– Example: a randomly generated NN with 8 layers:

Product of Norms ≈ 9571(=
∏̀
k=0

‖W k‖2)

Our Bound ≈ 104

I Current Status: scales to small CNNs ( 10k neurons)

I Future Work: scale to large CNNs ( 100k neurons)
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Our Main Idea

I Transform NN into a family of Incrementally Quadratically Constrained Linear Networks

IQCLNOriginal NN

LipSDP

Transform

Certificate for the original NN

Linear Linear

y1
<latexit sha1_base64="eUbFnEfyWMjYTAUgCeR9bsRZVvk=">AAAB7HicbZDNSgMxFIXv1L9a/6ou3QRbwVWZ6UZXUnDjsoLTFtqxZNJMG5pJhiQjDEOfwY0LRdz6QO58G9N2Ftp6IPBx7r3k3hMmnGnjut9OaWNza3unvFvZ2z84PKoen3S0TBWhPpFcql6INeVMUN8ww2kvURTHIafdcHo7r3efqNJMigeTJTSI8ViwiBFsrOXXs0evPqzW3Ia7EFoHr4AaFGoPq1+DkSRpTIUhHGvd99zEBDlWhhFOZ5VBqmmCyRSPad+iwDHVQb5YdoYurDNCkVT2CYMW7u+JHMdaZ3FoO2NsJnq1Njf/q/VTE10HORNJaqggy4+ilCMj0fxyNGKKEsMzC5goZndFZIIVJsbmU7EheKsnr0On2fAs3zdrrZsijjKcwTlcggdX0II7aIMPBBg8wyu8OcJ5cd6dj2VrySlmTuGPnM8fwmmN9g==</latexit><latexit sha1_base64="eUbFnEfyWMjYTAUgCeR9bsRZVvk=">AAAB7HicbZDNSgMxFIXv1L9a/6ou3QRbwVWZ6UZXUnDjsoLTFtqxZNJMG5pJhiQjDEOfwY0LRdz6QO58G9N2Ftp6IPBx7r3k3hMmnGnjut9OaWNza3unvFvZ2z84PKoen3S0TBWhPpFcql6INeVMUN8ww2kvURTHIafdcHo7r3efqNJMigeTJTSI8ViwiBFsrOXXs0evPqzW3Ia7EFoHr4AaFGoPq1+DkSRpTIUhHGvd99zEBDlWhhFOZ5VBqmmCyRSPad+iwDHVQb5YdoYurDNCkVT2CYMW7u+JHMdaZ3FoO2NsJnq1Njf/q/VTE10HORNJaqggy4+ilCMj0fxyNGKKEsMzC5goZndFZIIVJsbmU7EheKsnr0On2fAs3zdrrZsijjKcwTlcggdX0II7aIMPBBg8wyu8OcJ5cd6dj2VrySlmTuGPnM8fwmmN9g==</latexit><latexit sha1_base64="eUbFnEfyWMjYTAUgCeR9bsRZVvk=">AAAB7HicbZDNSgMxFIXv1L9a/6ou3QRbwVWZ6UZXUnDjsoLTFtqxZNJMG5pJhiQjDEOfwY0LRdz6QO58G9N2Ftp6IPBx7r3k3hMmnGnjut9OaWNza3unvFvZ2z84PKoen3S0TBWhPpFcql6INeVMUN8ww2kvURTHIafdcHo7r3efqNJMigeTJTSI8ViwiBFsrOXXs0evPqzW3Ia7EFoHr4AaFGoPq1+DkSRpTIUhHGvd99zEBDlWhhFOZ5VBqmmCyRSPad+iwDHVQb5YdoYurDNCkVT2CYMW7u+JHMdaZ3FoO2NsJnq1Njf/q/VTE10HORNJaqggy4+ilCMj0fxyNGKKEsMzC5goZndFZIIVJsbmU7EheKsnr0On2fAs3zdrrZsijjKcwTlcggdX0II7aIMPBBg8wyu8OcJ5cd6dj2VrySlmTuGPnM8fwmmN9g==</latexit><latexit sha1_base64="eUbFnEfyWMjYTAUgCeR9bsRZVvk=">AAAB7HicbZDNSgMxFIXv1L9a/6ou3QRbwVWZ6UZXUnDjsoLTFtqxZNJMG5pJhiQjDEOfwY0LRdz6QO58G9N2Ftp6IPBx7r3k3hMmnGnjut9OaWNza3unvFvZ2z84PKoen3S0TBWhPpFcql6INeVMUN8ww2kvURTHIafdcHo7r3efqNJMigeTJTSI8ViwiBFsrOXXs0evPqzW3Ia7EFoHr4AaFGoPq1+DkSRpTIUhHGvd99zEBDlWhhFOZ5VBqmmCyRSPad+iwDHVQb5YdoYurDNCkVT2CYMW7u+JHMdaZ3FoO2NsJnq1Njf/q/VTE10HORNJaqggy4+ilCMj0fxyNGKKEsMzC5goZndFZIIVJsbmU7EheKsnr0On2fAs3zdrrZsijjKcwTlcggdX0II7aIMPBBg8wyu8OcJ5cd6dj2VrySlmTuGPnM8fwmmN9g==</latexit>

x1
<latexit sha1_base64="GLHp/tQR2hCLFqJ7sxcm2CFPS9U=">AAAB7HicbZA9TwJBEIbn/ET8Qi1tNoKJFbmj0cqQ2Fhi4gEJnGRvWWDD3t5ld85ILvwGGwuNsfUH2flvXOAKBd9kkyfvzGRn3jCRwqDrfjtr6xubW9uFneLu3v7BYenouGniVDPus1jGuh1Sw6VQ3EeBkrcTzWkUSt4KxzezeuuRayNidY+ThAcRHSoxEIyitfzK04NX6ZXKbtWdi6yCl0MZcjV6pa9uP2ZpxBUySY3peG6CQUY1Cib5tNhNDU8oG9Mh71hUNOImyObLTsm5dfpkEGv7FJK5+3sio5Exkyi0nRHFkVmuzcz/ap0UB1dBJlSSIlds8dEglQRjMruc9IXmDOXEAmVa2F0JG1FNGdp8ijYEb/nkVWjWqp7lu1q5fp3HUYBTOIML8OAS6nALDfCBgYBneIU3RzkvzrvzsWhdc/KZE/gj5/MHwOKN9Q==</latexit><latexit sha1_base64="GLHp/tQR2hCLFqJ7sxcm2CFPS9U=">AAAB7HicbZA9TwJBEIbn/ET8Qi1tNoKJFbmj0cqQ2Fhi4gEJnGRvWWDD3t5ld85ILvwGGwuNsfUH2flvXOAKBd9kkyfvzGRn3jCRwqDrfjtr6xubW9uFneLu3v7BYenouGniVDPus1jGuh1Sw6VQ3EeBkrcTzWkUSt4KxzezeuuRayNidY+ThAcRHSoxEIyitfzK04NX6ZXKbtWdi6yCl0MZcjV6pa9uP2ZpxBUySY3peG6CQUY1Cib5tNhNDU8oG9Mh71hUNOImyObLTsm5dfpkEGv7FJK5+3sio5Exkyi0nRHFkVmuzcz/ap0UB1dBJlSSIlds8dEglQRjMruc9IXmDOXEAmVa2F0JG1FNGdp8ijYEb/nkVWjWqp7lu1q5fp3HUYBTOIML8OAS6nALDfCBgYBneIU3RzkvzrvzsWhdc/KZE/gj5/MHwOKN9Q==</latexit><latexit sha1_base64="GLHp/tQR2hCLFqJ7sxcm2CFPS9U=">AAAB7HicbZA9TwJBEIbn/ET8Qi1tNoKJFbmj0cqQ2Fhi4gEJnGRvWWDD3t5ld85ILvwGGwuNsfUH2flvXOAKBd9kkyfvzGRn3jCRwqDrfjtr6xubW9uFneLu3v7BYenouGniVDPus1jGuh1Sw6VQ3EeBkrcTzWkUSt4KxzezeuuRayNidY+ThAcRHSoxEIyitfzK04NX6ZXKbtWdi6yCl0MZcjV6pa9uP2ZpxBUySY3peG6CQUY1Cib5tNhNDU8oG9Mh71hUNOImyObLTsm5dfpkEGv7FJK5+3sio5Exkyi0nRHFkVmuzcz/ap0UB1dBJlSSIlds8dEglQRjMruc9IXmDOXEAmVa2F0JG1FNGdp8ijYEb/nkVWjWqp7lu1q5fp3HUYBTOIML8OAS6nALDfCBgYBneIU3RzkvzrvzsWhdc/KZE/gj5/MHwOKN9Q==</latexit><latexit sha1_base64="GLHp/tQR2hCLFqJ7sxcm2CFPS9U=">AAAB7HicbZA9TwJBEIbn/ET8Qi1tNoKJFbmj0cqQ2Fhi4gEJnGRvWWDD3t5ld85ILvwGGwuNsfUH2flvXOAKBd9kkyfvzGRn3jCRwqDrfjtr6xubW9uFneLu3v7BYenouGniVDPus1jGuh1Sw6VQ3EeBkrcTzWkUSt4KxzezeuuRayNidY+ThAcRHSoxEIyitfzK04NX6ZXKbtWdi6yCl0MZcjV6pa9uP2ZpxBUySY3peG6CQUY1Cib5tNhNDU8oG9Mh71hUNOImyObLTsm5dfpkEGv7FJK5+3sio5Exkyi0nRHFkVmuzcz/ap0UB1dBJlSSIlds8dEglQRjMruc9IXmDOXEAmVa2F0JG1FNGdp8ijYEb/nkVWjWqp7lu1q5fp3HUYBTOIML8OAS6nALDfCBgYBneIU3RzkvzrvzsWhdc/KZE/gj5/MHwOKN9Q==</latexit>x0

<latexit sha1_base64="C6tOYRQ7vOtaRX8BQQC0iQJnarU=">AAAB7HicbZA9TwJBEIbn/ET8Qi1tNoKJFbmj0cqQ2Fhi4gEJnGRvWWDD3t5ld85ILvwGGwuNsfUH2flvXOAKBd9kkyfvzGRn3jCRwqDrfjtr6xubW9uFneLu3v7BYenouGniVDPus1jGuh1Sw6VQ3EeBkrcTzWkUSt4KxzezeuuRayNidY+ThAcRHSoxEIyitfzK04Nb6ZXKbtWdi6yCl0MZcjV6pa9uP2ZpxBUySY3peG6CQUY1Cib5tNhNDU8oG9Mh71hUNOImyObLTsm5dfpkEGv7FJK5+3sio5Exkyi0nRHFkVmuzcz/ap0UB1dBJlSSIlds8dEglQRjMruc9IXmDOXEAmVa2F0JG1FNGdp8ijYEb/nkVWjWqp7lu1q5fp3HUYBTOIML8OAS6nALDfCBgYBneIU3RzkvzrvzsWhdc/KZE/gj5/MHv12N9A==</latexit><latexit sha1_base64="C6tOYRQ7vOtaRX8BQQC0iQJnarU=">AAAB7HicbZA9TwJBEIbn/ET8Qi1tNoKJFbmj0cqQ2Fhi4gEJnGRvWWDD3t5ld85ILvwGGwuNsfUH2flvXOAKBd9kkyfvzGRn3jCRwqDrfjtr6xubW9uFneLu3v7BYenouGniVDPus1jGuh1Sw6VQ3EeBkrcTzWkUSt4KxzezeuuRayNidY+ThAcRHSoxEIyitfzK04Nb6ZXKbtWdi6yCl0MZcjV6pa9uP2ZpxBUySY3peG6CQUY1Cib5tNhNDU8oG9Mh71hUNOImyObLTsm5dfpkEGv7FJK5+3sio5Exkyi0nRHFkVmuzcz/ap0UB1dBJlSSIlds8dEglQRjMruc9IXmDOXEAmVa2F0JG1FNGdp8ijYEb/nkVWjWqp7lu1q5fp3HUYBTOIML8OAS6nALDfCBgYBneIU3RzkvzrvzsWhdc/KZE/gj5/MHv12N9A==</latexit><latexit sha1_base64="C6tOYRQ7vOtaRX8BQQC0iQJnarU=">AAAB7HicbZA9TwJBEIbn/ET8Qi1tNoKJFbmj0cqQ2Fhi4gEJnGRvWWDD3t5ld85ILvwGGwuNsfUH2flvXOAKBd9kkyfvzGRn3jCRwqDrfjtr6xubW9uFneLu3v7BYenouGniVDPus1jGuh1Sw6VQ3EeBkrcTzWkUSt4KxzezeuuRayNidY+ThAcRHSoxEIyitfzK04Nb6ZXKbtWdi6yCl0MZcjV6pa9uP2ZpxBUySY3peG6CQUY1Cib5tNhNDU8oG9Mh71hUNOImyObLTsm5dfpkEGv7FJK5+3sio5Exkyi0nRHFkVmuzcz/ap0UB1dBJlSSIlds8dEglQRjMruc9IXmDOXEAmVa2F0JG1FNGdp8ijYEb/nkVWjWqp7lu1q5fp3HUYBTOIML8OAS6nALDfCBgYBneIU3RzkvzrvzsWhdc/KZE/gj5/MHv12N9A==</latexit><latexit sha1_base64="C6tOYRQ7vOtaRX8BQQC0iQJnarU=">AAAB7HicbZA9TwJBEIbn/ET8Qi1tNoKJFbmj0cqQ2Fhi4gEJnGRvWWDD3t5ld85ILvwGGwuNsfUH2flvXOAKBd9kkyfvzGRn3jCRwqDrfjtr6xubW9uFneLu3v7BYenouGniVDPus1jGuh1Sw6VQ3EeBkrcTzWkUSt4KxzezeuuRayNidY+ThAcRHSoxEIyitfzK04Nb6ZXKbtWdi6yCl0MZcjV6pa9uP2ZpxBUySY3peG6CQUY1Cib5tNhNDU8oG9Mh71hUNOImyObLTsm5dfpkEGv7FJK5+3sio5Exkyi0nRHFkVmuzcz/ap0UB1dBJlSSIlds8dEglQRjMruc9IXmDOXEAmVa2F0JG1FNGdp8ijYEb/nkVWjWqp7lu1q5fp3HUYBTOIML8OAS6nALDfCBgYBneIU3RzkvzrvzsWhdc/KZE/gj5/MHv12N9A==</latexit>

y2
<latexit sha1_base64="yxxj+G8OPCSpuuevqkaSKw6jqu0=">AAAB7HicbZDNSgMxFIXv1L9a/6ou3QRbwVWZ6UZXUnDjsoLTFtqxZNJMG5pkhiQjDEOfwY0LRdz6QO58G9N2Ftp6IPBx7r3k3hMmnGnjut9OaWNza3unvFvZ2z84PKoen3R0nCpCfRLzWPVCrClnkvqGGU57iaJYhJx2w+ntvN59okqzWD6YLKGBwGPJIkawsZZfzx6b9WG15jbchdA6eAXUoFB7WP0ajGKSCioN4VjrvucmJsixMoxwOqsMUk0TTKZ4TPsWJRZUB/li2Rm6sM4IRbGyTxq0cH9P5FhonYnQdgpsJnq1Njf/q/VTE10HOZNJaqgky4+ilCMTo/nlaMQUJYZnFjBRzO6KyAQrTIzNp2JD8FZPXodOs+FZvm/WWjdFHGU4g3O4BA+uoAV30AYfCDB4hld4c6Tz4rw7H8vWklPMnMIfOZ8/w+6N9w==</latexit><latexit sha1_base64="yxxj+G8OPCSpuuevqkaSKw6jqu0=">AAAB7HicbZDNSgMxFIXv1L9a/6ou3QRbwVWZ6UZXUnDjsoLTFtqxZNJMG5pkhiQjDEOfwY0LRdz6QO58G9N2Ftp6IPBx7r3k3hMmnGnjut9OaWNza3unvFvZ2z84PKoen3R0nCpCfRLzWPVCrClnkvqGGU57iaJYhJx2w+ntvN59okqzWD6YLKGBwGPJIkawsZZfzx6b9WG15jbchdA6eAXUoFB7WP0ajGKSCioN4VjrvucmJsixMoxwOqsMUk0TTKZ4TPsWJRZUB/li2Rm6sM4IRbGyTxq0cH9P5FhonYnQdgpsJnq1Njf/q/VTE10HOZNJaqgky4+ilCMTo/nlaMQUJYZnFjBRzO6KyAQrTIzNp2JD8FZPXodOs+FZvm/WWjdFHGU4g3O4BA+uoAV30AYfCDB4hld4c6Tz4rw7H8vWklPMnMIfOZ8/w+6N9w==</latexit><latexit sha1_base64="yxxj+G8OPCSpuuevqkaSKw6jqu0=">AAAB7HicbZDNSgMxFIXv1L9a/6ou3QRbwVWZ6UZXUnDjsoLTFtqxZNJMG5pkhiQjDEOfwY0LRdz6QO58G9N2Ftp6IPBx7r3k3hMmnGnjut9OaWNza3unvFvZ2z84PKoen3R0nCpCfRLzWPVCrClnkvqGGU57iaJYhJx2w+ntvN59okqzWD6YLKGBwGPJIkawsZZfzx6b9WG15jbchdA6eAXUoFB7WP0ajGKSCioN4VjrvucmJsixMoxwOqsMUk0TTKZ4TPsWJRZUB/li2Rm6sM4IRbGyTxq0cH9P5FhonYnQdgpsJnq1Njf/q/VTE10HOZNJaqgky4+ilCMTo/nlaMQUJYZnFjBRzO6KyAQrTIzNp2JD8FZPXodOs+FZvm/WWjdFHGU4g3O4BA+uoAV30AYfCDB4hld4c6Tz4rw7H8vWklPMnMIfOZ8/w+6N9w==</latexit><latexit sha1_base64="yxxj+G8OPCSpuuevqkaSKw6jqu0=">AAAB7HicbZDNSgMxFIXv1L9a/6ou3QRbwVWZ6UZXUnDjsoLTFtqxZNJMG5pkhiQjDEOfwY0LRdz6QO58G9N2Ftp6IPBx7r3k3hMmnGnjut9OaWNza3unvFvZ2z84PKoen3R0nCpCfRLzWPVCrClnkvqGGU57iaJYhJx2w+ntvN59okqzWD6YLKGBwGPJIkawsZZfzx6b9WG15jbchdA6eAXUoFB7WP0ajGKSCioN4VjrvucmJsixMoxwOqsMUk0TTKZ4TPsWJRZUB/li2Rm6sM4IRbGyTxq0cH9P5FhonYnQdgpsJnq1Njf/q/VTE10HOZNJaqgky4+ilCMTo/nlaMQUJYZnFjBRzO6KyAQrTIzNp2JD8FZPXodOs+FZvm/WWjdFHGU4g3O4BA+uoAV30AYfCDB4hld4c6Tz4rw7H8vWklPMnMIfOZ8/w+6N9w==</latexit>

x̃0
<latexit sha1_base64="9J+ynOBFN0XXGcAqpkKrLN982n8=">AAAB83icbZC7SgNBFIbPeo3xFrW0GUwEq7CbRguLgI1lBHOB7BpmZ88mQ2YvzMyKYclr2FgoYuvL2Pk2TpItNPGHgY//nMM58/up4Erb9re1tr6xubVd2inv7u0fHFaOjjsqySTDNktEIns+VSh4jG3NtcBeKpFGvsCuP76Z1buPKBVP4ns9SdGL6DDmIWdUG8utuZqLAMnTg10bVKp23Z6LrIJTQBUKtQaVLzdIWBZhrJmgSvUdO9VeTqXmTOC07GYKU8rGdIh9gzGNUHn5/OYpOTdOQMJEmhdrMnd/T+Q0UmoS+aYzonqklmsz879aP9PhlZfzOM00xmyxKMwE0QmZBUACLpFpMTFAmeTmVsJGVFKmTUxlE4Kz/OVV6DTqjuG7RrV5XcRRglM4gwtw4BKacAstaAODFJ7hFd6szHqx3q2PReuaVcycwB9Znz+0mZDG</latexit><latexit sha1_base64="9J+ynOBFN0XXGcAqpkKrLN982n8=">AAAB83icbZC7SgNBFIbPeo3xFrW0GUwEq7CbRguLgI1lBHOB7BpmZ88mQ2YvzMyKYclr2FgoYuvL2Pk2TpItNPGHgY//nMM58/up4Erb9re1tr6xubVd2inv7u0fHFaOjjsqySTDNktEIns+VSh4jG3NtcBeKpFGvsCuP76Z1buPKBVP4ns9SdGL6DDmIWdUG8utuZqLAMnTg10bVKp23Z6LrIJTQBUKtQaVLzdIWBZhrJmgSvUdO9VeTqXmTOC07GYKU8rGdIh9gzGNUHn5/OYpOTdOQMJEmhdrMnd/T+Q0UmoS+aYzonqklmsz879aP9PhlZfzOM00xmyxKMwE0QmZBUACLpFpMTFAmeTmVsJGVFKmTUxlE4Kz/OVV6DTqjuG7RrV5XcRRglM4gwtw4BKacAstaAODFJ7hFd6szHqx3q2PReuaVcycwB9Znz+0mZDG</latexit><latexit sha1_base64="9J+ynOBFN0XXGcAqpkKrLN982n8=">AAAB83icbZC7SgNBFIbPeo3xFrW0GUwEq7CbRguLgI1lBHOB7BpmZ88mQ2YvzMyKYclr2FgoYuvL2Pk2TpItNPGHgY//nMM58/up4Erb9re1tr6xubVd2inv7u0fHFaOjjsqySTDNktEIns+VSh4jG3NtcBeKpFGvsCuP76Z1buPKBVP4ns9SdGL6DDmIWdUG8utuZqLAMnTg10bVKp23Z6LrIJTQBUKtQaVLzdIWBZhrJmgSvUdO9VeTqXmTOC07GYKU8rGdIh9gzGNUHn5/OYpOTdOQMJEmhdrMnd/T+Q0UmoS+aYzonqklmsz879aP9PhlZfzOM00xmyxKMwE0QmZBUACLpFpMTFAmeTmVsJGVFKmTUxlE4Kz/OVV6DTqjuG7RrV5XcRRglM4gwtw4BKacAstaAODFJ7hFd6szHqx3q2PReuaVcycwB9Znz+0mZDG</latexit><latexit sha1_base64="9J+ynOBFN0XXGcAqpkKrLN982n8=">AAAB83icbZC7SgNBFIbPeo3xFrW0GUwEq7CbRguLgI1lBHOB7BpmZ88mQ2YvzMyKYclr2FgoYuvL2Pk2TpItNPGHgY//nMM58/up4Erb9re1tr6xubVd2inv7u0fHFaOjjsqySTDNktEIns+VSh4jG3NtcBeKpFGvsCuP76Z1buPKBVP4ns9SdGL6DDmIWdUG8utuZqLAMnTg10bVKp23Z6LrIJTQBUKtQaVLzdIWBZhrJmgSvUdO9VeTqXmTOC07GYKU8rGdIh9gzGNUHn5/OYpOTdOQMJEmhdrMnd/T+Q0UmoS+aYzonqklmsz879aP9PhlZfzOM00xmyxKMwE0QmZBUACLpFpMTFAmeTmVsJGVFKmTUxlE4Kz/OVV6DTqjuG7RrV5XcRRglM4gwtw4BKacAstaAODFJ7hFd6szHqx3q2PReuaVcycwB9Znz+0mZDG</latexit> ỹ1

<latexit sha1_base64="JPSKS7ln6VHlWD+W3XtlejUo+3w=">AAAB83icbZC7SgNBFIZn4y3GW9TSZjARrMJuGq0kYGMZwVwgu4bZ2bPJkNkLM2eFJeQ1bCwUsfVl7HwbJ8kWmvjDwMd/zuGc+f1UCo22/W2VNja3tnfKu5W9/YPDo+rxSVcnmeLQ4YlMVN9nGqSIoYMCJfRTBSzyJfT8ye283nsCpUUSP2CeghexUSxCwRkay627KGQANH906sNqzW7YC9F1cAqokULtYfXLDRKeRRAjl0zrgWOn6E2ZQsElzCpupiFlfMJGMDAYswi0N13cPKMXxglomCjzYqQL9/fElEVa55FvOiOGY71am5v/1QYZhtfeVMRphhDz5aIwkxQTOg+ABkIBR5kbYFwJcyvlY6YYRxNTxYTgrH55HbrNhmP4vllr3RRxlMkZOSeXxCFXpEXuSJt0CCcpeSav5M3KrBfr3fpYtpasYuaU/JH1+QO4P5DK</latexit><latexit sha1_base64="JPSKS7ln6VHlWD+W3XtlejUo+3w=">AAAB83icbZC7SgNBFIZn4y3GW9TSZjARrMJuGq0kYGMZwVwgu4bZ2bPJkNkLM2eFJeQ1bCwUsfVl7HwbJ8kWmvjDwMd/zuGc+f1UCo22/W2VNja3tnfKu5W9/YPDo+rxSVcnmeLQ4YlMVN9nGqSIoYMCJfRTBSzyJfT8ye283nsCpUUSP2CeghexUSxCwRkay627KGQANH906sNqzW7YC9F1cAqokULtYfXLDRKeRRAjl0zrgWOn6E2ZQsElzCpupiFlfMJGMDAYswi0N13cPKMXxglomCjzYqQL9/fElEVa55FvOiOGY71am5v/1QYZhtfeVMRphhDz5aIwkxQTOg+ABkIBR5kbYFwJcyvlY6YYRxNTxYTgrH55HbrNhmP4vllr3RRxlMkZOSeXxCFXpEXuSJt0CCcpeSav5M3KrBfr3fpYtpasYuaU/JH1+QO4P5DK</latexit><latexit sha1_base64="JPSKS7ln6VHlWD+W3XtlejUo+3w=">AAAB83icbZC7SgNBFIZn4y3GW9TSZjARrMJuGq0kYGMZwVwgu4bZ2bPJkNkLM2eFJeQ1bCwUsfVl7HwbJ8kWmvjDwMd/zuGc+f1UCo22/W2VNja3tnfKu5W9/YPDo+rxSVcnmeLQ4YlMVN9nGqSIoYMCJfRTBSzyJfT8ye283nsCpUUSP2CeghexUSxCwRkay627KGQANH906sNqzW7YC9F1cAqokULtYfXLDRKeRRAjl0zrgWOn6E2ZQsElzCpupiFlfMJGMDAYswi0N13cPKMXxglomCjzYqQL9/fElEVa55FvOiOGY71am5v/1QYZhtfeVMRphhDz5aIwkxQTOg+ABkIBR5kbYFwJcyvlY6YYRxNTxYTgrH55HbrNhmP4vllr3RRxlMkZOSeXxCFXpEXuSJt0CCcpeSav5M3KrBfr3fpYtpasYuaU/JH1+QO4P5DK</latexit><latexit sha1_base64="JPSKS7ln6VHlWD+W3XtlejUo+3w=">AAAB83icbZC7SgNBFIZn4y3GW9TSZjARrMJuGq0kYGMZwVwgu4bZ2bPJkNkLM2eFJeQ1bCwUsfVl7HwbJ8kWmvjDwMd/zuGc+f1UCo22/W2VNja3tnfKu5W9/YPDo+rxSVcnmeLQ4YlMVN9nGqSIoYMCJfRTBSzyJfT8ye283nsCpUUSP2CeghexUSxCwRkay627KGQANH906sNqzW7YC9F1cAqokULtYfXLDRKeRRAjl0zrgWOn6E2ZQsElzCpupiFlfMJGMDAYswi0N13cPKMXxglomCjzYqQL9/fElEVa55FvOiOGY71am5v/1QYZhtfeVMRphhDz5aIwkxQTOg+ABkIBR5kbYFwJcyvlY6YYRxNTxYTgrH55HbrNhmP4vllr3RRxlMkZOSeXxCFXpEXuSJt0CCcpeSav5M3KrBfr3fpYtpasYuaU/JH1+QO4P5DK</latexit>

x̃1
<latexit sha1_base64="SVxPp3MhBV5bWqUypPfvEiT2R0o=">AAAB83icbZC7SgNBFIbPeo3xFrW0GUwEq7CbRisJ2FhGMBfIrmF29mwyZPbCzKwYlryGjYUitr6MnW/jJNlCE38Y+PjPOZwzv58KrrRtf1tr6xubW9ulnfLu3v7BYeXouKOSTDJss0QksudThYLH2NZcC+ylEmnkC+z645tZvfuIUvEkvteTFL2IDmMecka1sdyaq7kIkDw9OLVBpWrX7bnIKjgFVKFQa1D5coOEZRHGmgmqVN+xU+3lVGrOBE7LbqYwpWxMh9g3GNMIlZfPb56Sc+MEJEykebEmc/f3RE4jpSaRbzojqkdquTYz/6v1Mx1eeTmP00xjzBaLwkwQnZBZACTgEpkWEwOUSW5uJWxEJWXaxFQ2ITjLX16FTqPuGL5rVJvXRRwlOIUzuAAHLqEJt9CCNjBI4Rle4c3KrBfr3fpYtK5ZxcwJ/JH1+QO2uJDJ</latexit><latexit sha1_base64="SVxPp3MhBV5bWqUypPfvEiT2R0o=">AAAB83icbZC7SgNBFIbPeo3xFrW0GUwEq7CbRisJ2FhGMBfIrmF29mwyZPbCzKwYlryGjYUitr6MnW/jJNlCE38Y+PjPOZwzv58KrrRtf1tr6xubW9ulnfLu3v7BYeXouKOSTDJss0QksudThYLH2NZcC+ylEmnkC+z645tZvfuIUvEkvteTFL2IDmMecka1sdyaq7kIkDw9OLVBpWrX7bnIKjgFVKFQa1D5coOEZRHGmgmqVN+xU+3lVGrOBE7LbqYwpWxMh9g3GNMIlZfPb56Sc+MEJEykebEmc/f3RE4jpSaRbzojqkdquTYz/6v1Mx1eeTmP00xjzBaLwkwQnZBZACTgEpkWEwOUSW5uJWxEJWXaxFQ2ITjLX16FTqPuGL5rVJvXRRwlOIUzuAAHLqEJt9CCNjBI4Rle4c3KrBfr3fpYtK5ZxcwJ/JH1+QO2uJDJ</latexit><latexit sha1_base64="SVxPp3MhBV5bWqUypPfvEiT2R0o=">AAAB83icbZC7SgNBFIbPeo3xFrW0GUwEq7CbRisJ2FhGMBfIrmF29mwyZPbCzKwYlryGjYUitr6MnW/jJNlCE38Y+PjPOZwzv58KrrRtf1tr6xubW9ulnfLu3v7BYeXouKOSTDJss0QksudThYLH2NZcC+ylEmnkC+z645tZvfuIUvEkvteTFL2IDmMecka1sdyaq7kIkDw9OLVBpWrX7bnIKjgFVKFQa1D5coOEZRHGmgmqVN+xU+3lVGrOBE7LbqYwpWxMh9g3GNMIlZfPb56Sc+MEJEykebEmc/f3RE4jpSaRbzojqkdquTYz/6v1Mx1eeTmP00xjzBaLwkwQnZBZACTgEpkWEwOUSW5uJWxEJWXaxFQ2ITjLX16FTqPuGL5rVJvXRRwlOIUzuAAHLqEJt9CCNjBI4Rle4c3KrBfr3fpYtK5ZxcwJ/JH1+QO2uJDJ</latexit><latexit sha1_base64="SVxPp3MhBV5bWqUypPfvEiT2R0o=">AAAB83icbZC7SgNBFIbPeo3xFrW0GUwEq7CbRisJ2FhGMBfIrmF29mwyZPbCzKwYlryGjYUitr6MnW/jJNlCE38Y+PjPOZwzv58KrrRtf1tr6xubW9ulnfLu3v7BYeXouKOSTDJss0QksudThYLH2NZcC+ylEmnkC+z645tZvfuIUvEkvteTFL2IDmMecka1sdyaq7kIkDw9OLVBpWrX7bnIKjgFVKFQa1D5coOEZRHGmgmqVN+xU+3lVGrOBE7LbqYwpWxMh9g3GNMIlZfPb56Sc+MEJEykebEmc/f3RE4jpSaRbzojqkdquTYz/6v1Mx1eeTmP00xjzBaLwkwQnZBZACTgEpkWEwOUSW5uJWxEJWXaxFQ2ITjLX16FTqPuGL5rVJvXRRwlOIUzuAAHLqEJt9CCNjBI4Rle4c3KrBfr3fpYtK5ZxcwJ/JH1+QO2uJDJ</latexit>

ỹ2
<latexit sha1_base64="65sCX0O1Vp7SoObv8xiFdvgtIZ4=">AAAB83icbZC7SgNBFIbPxluMt6ilzWAiWIXdNFpJwMYygrlAdg2zs7PJkNkLM2eFJeQ1bCwUsfVl7HwbJ8kWmvjDwMd/zuGc+f1UCo22/W2VNja3tnfKu5W9/YPDo+rxSVcnmWK8wxKZqL5PNZci5h0UKHk/VZxGvuQ9f3I7r/eeuNIiiR8wT7kX0VEsQsEoGsutuyhkwEn+2KwPqzW7YS9E1sEpoAaF2sPqlxskLIt4jExSrQeOnaI3pQoFk3xWcTPNU8omdMQHBmMace1NFzfPyIVxAhImyrwYycL9PTGlkdZ55JvOiOJYr9bm5n+1QYbhtTcVcZohj9lyUZhJggmZB0ACoThDmRugTAlzK2FjqihDE1PFhOCsfnkdus2GY/i+WWvdFHGU4QzO4RIcuIIW3EEbOsAghWd4hTcrs16sd+tj2VqyiplT+CPr8we5xJDL</latexit><latexit sha1_base64="65sCX0O1Vp7SoObv8xiFdvgtIZ4=">AAAB83icbZC7SgNBFIbPxluMt6ilzWAiWIXdNFpJwMYygrlAdg2zs7PJkNkLM2eFJeQ1bCwUsfVl7HwbJ8kWmvjDwMd/zuGc+f1UCo22/W2VNja3tnfKu5W9/YPDo+rxSVcnmWK8wxKZqL5PNZci5h0UKHk/VZxGvuQ9f3I7r/eeuNIiiR8wT7kX0VEsQsEoGsutuyhkwEn+2KwPqzW7YS9E1sEpoAaF2sPqlxskLIt4jExSrQeOnaI3pQoFk3xWcTPNU8omdMQHBmMace1NFzfPyIVxAhImyrwYycL9PTGlkdZ55JvOiOJYr9bm5n+1QYbhtTcVcZohj9lyUZhJggmZB0ACoThDmRugTAlzK2FjqihDE1PFhOCsfnkdus2GY/i+WWvdFHGU4QzO4RIcuIIW3EEbOsAghWd4hTcrs16sd+tj2VqyiplT+CPr8we5xJDL</latexit><latexit sha1_base64="65sCX0O1Vp7SoObv8xiFdvgtIZ4=">AAAB83icbZC7SgNBFIbPxluMt6ilzWAiWIXdNFpJwMYygrlAdg2zs7PJkNkLM2eFJeQ1bCwUsfVl7HwbJ8kWmvjDwMd/zuGc+f1UCo22/W2VNja3tnfKu5W9/YPDo+rxSVcnmWK8wxKZqL5PNZci5h0UKHk/VZxGvuQ9f3I7r/eeuNIiiR8wT7kX0VEsQsEoGsutuyhkwEn+2KwPqzW7YS9E1sEpoAaF2sPqlxskLIt4jExSrQeOnaI3pQoFk3xWcTPNU8omdMQHBmMace1NFzfPyIVxAhImyrwYycL9PTGlkdZ55JvOiOJYr9bm5n+1QYbhtTcVcZohj9lyUZhJggmZB0ACoThDmRugTAlzK2FjqihDE1PFhOCsfnkdus2GY/i+WWvdFHGU4QzO4RIcuIIW3EEbOsAghWd4hTcrs16sd+tj2VqyiplT+CPr8we5xJDL</latexit><latexit sha1_base64="65sCX0O1Vp7SoObv8xiFdvgtIZ4=">AAAB83icbZC7SgNBFIbPxluMt6ilzWAiWIXdNFpJwMYygrlAdg2zs7PJkNkLM2eFJeQ1bCwUsfVl7HwbJ8kWmvjDwMd/zuGc+f1UCo22/W2VNja3tnfKu5W9/YPDo+rxSVcnmWK8wxKZqL5PNZci5h0UKHk/VZxGvuQ9f3I7r/eeuNIiiR8wT7kX0VEsQsEoGsutuyhkwEn+2KwPqzW7YS9E1sEpoAaF2sPqlxskLIt4jExSrQeOnaI3pQoFk3xWcTPNU8omdMQHBmMace1NFzfPyIVxAhImyrwYycL9PTGlkdZ55JvOiOJYr9bm5n+1QYbhtTcVcZohj9lyUZhJggmZB0ACoThDmRugTAlzK2FjqihDE1PFhOCsfnkdus2GY/i+WWvdFHGU4QzO4RIcuIIW3EEbOsAghWd4hTcrs16sd+tj2VqyiplT+CPr8we5xJDL</latexit>

LNN
2  LIQCLN

2 (Q?)
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LNN
2  LIQCLN

2 (Q) for all Q 2 Q
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infQ2Q LIQCLN
2 (Q)
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I LipSDP: Estimating Lipschitz constants of NNs via Semidefinite Programming
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Tightness of the Bounds

I Platform: MATLAB, CVX toolbox, and MOSEK on a 9-core CPU with 16GB of RAM
I Methods:

– Variants of LipSDP: LipSDP-Network, LipSDP-Neuron, LipSDP-Layer
– CPLip: Combettes, Patrick L., and Jean-Christophe Pesquet. ”Lipschitz Certificates for Neural

Network Structures Driven by Averaged Activation Operators.”arXiv preprint
arXiv:1903.01014(2019).

– SeqLip: Virmaux, Aladin, and Kevin Scaman. ”Lipschitz regularity of deep neural networks:
analysis and efficient estimation.”Advances in Neural Information Processing Systems. 2018.

• Our bounds are the tightest in the literature 6



Experiments on MNIST

I Training Methods:
– Adam: Kingma, Diederik P., and Jimmy Ba. ”Adam: A method for stochastic

optimization.”arXiv preprint arXiv:1412.6980(2014).
– LP-Train: Wong, Eric, and J. Zico Kolter. ”Provable defenses against adversarial examples via

the convex outer adversarial polytope.”arXiv preprint arXiv:1711.00851(2017).
– PGD-Train: Madry, Aleksander, et al. ”Towards deep learning models resistant to adversarial

attacks.”arXiv preprint arXiv:1706.06083(2017).
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Thank You!
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